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Motivated by Girsanov’s nonuniqueness examples for SDEs, we
prove nonuniqueness for the parabolic stochastic partial differential
equation (SPDE)
∂u
∂t
=
∆
2
u(t, x) + |u(t, x)|γW˙ (t, x), u(0, x) = 0.
Here W˙ is a space–time white noise on R+ × R. More precisely, we
show the above stochastic PDE has a nonzero solution for 0 < γ <
3/4. Since u(t, x) = 0 solves the equation, it follows that solutions are
neither unique in law nor pathwise unique. An analogue of Yamada–
Watanabe’s famous theorem for SDEs was recently shown in Myt-
nik and Perkins [Probab. Theory Related Fields 149 (2011) 1–96] for
SPDE’s by establishing pathwise uniqueness of solutions to
∂u
∂t
=
∆
2
u(t, x) + σ(u(t, x))W˙ (t, x)
if σ is Ho¨lder continuous of index γ > 3/4. Hence our examples show
this result is essentially sharp. The situation for the above class of
parabolic SPDE’s is therefore similar to their finite dimensional coun-
terparts, but with the index 3/4 in place of 1/2. The case γ = 1/2 of
the first equation above is particularly interesting as it arises as the
scaling limit of the signed mass for a system of annihilating critical
branching random walks.
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2 C. MUELLER, L. MYTNIK AND E. PERKINS
1. Introduction. This work concerns uniqueness theory for parabolic
semilinear stochastic partial differential equations (SPDE) of the form
∂u
∂t
(t, x) =
∆
2
u(t, x) + σ(x,u(t, x))W˙ (t, x),
(1.1)
u(0, x) = u0(x),
where W˙ (t, x) is two-parameter white noise on R+ × R, and σ :R2 → R
is γ-Ho¨lder continuous in u and also has at most linear growth at ∞ in
u. See (2.1)′ in Shiga (1994) or (1.7) below for a precise definition of a
solution. Weak existence of solutions in the appropriate function space is
then standard; see, for example, Theorems 1.1 and 2.6 of Shiga (1994) or
Theorem 1.1 of Mytnik and Perkins (2011). If γ = 1, then σ is Lipschitz in
u, and pathwise uniqueness of solutions follows from standard fixed-point
arguments; see Chapter 3 in Walsh (1986). A natural question is then:
If γ < 1, are solutions pathwise unique?
The motivation for this problem comes from a number of models arising
from branching processes and population genetics for which γ = 1/2.
Next we give some examples. In the first three, we only consider nonnega-
tive solutions, while in the fourth example we allow solutions to take negative
values. If E ⊂R, we write C(E) for the space of continuous functions on E
with the topology of uniform convergence on compact sets.
Example 1. If σ(u) =
√
u and we assume u ≥ 0, then a solution to
(1.1) corresponds to the density u(t, x)dx = Xt(dx), where Xt is the one-
dimensional super-Brownian motion. The super-Brownian motion is a meas-
ure-valued process which arises as the rescaled limit of branching random
walks; see Reimers (1989) and Konno and Shiga (1988). More precisely, as-
sume that particles occupy sites in Z/
√
N . With Poisson rate N/2, each
particle produces offspring at a randomly chosen nearest neighbor site. Fi-
nally, particles die at rate N/2. For x ∈ Z/√N and t≥ 0, set
UN (t, x) =N−1/2 × (number of particles at x at time t).
If the initial “densities” converge in the appropriate state space, then UN
will converge weakly on the appropriate function space to the solution of
(1.1), with σ as above; see Reimers (1989) for a proof of this result using
nonstandard analysis. Furthermore, this solution is unique in law. Unique-
ness in law is established by the well-known exponential duality between
u(t, x) and solutions v(t, x) of the semilinear PDE
∂v
∂t
=
∆v
2
− 1
2
v2.
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One of us [Mytnik (1998)] extended this exponential duality and hence
proved uniqueness in law for σ(u) = up, u≥ 0 where 1/2 < p < 1. The dual
process is then a solution to an SPDE driven by a one-sided stable pro-
cess. Pathwise uniqueness among nonnegative solutions remains unsolved
for 0< p≤ 3/4; see below for p > 3/4.
Example 2. If σ(x,u) =
√
g(x,u)u,u≥ 0, where g is smooth, bounded,
and bounded away from 0, then any kind of uniqueness for solutions to (1.1)
is unresolved except when g is constant. Such equations arise as weak limit
points of the branching particle systems as in Example 1, but where the
branching and death rates of a particle at x in population uN is Ng(x,uN )/2.
Example 3. If σ(x,u) =
√
u(1− u), u ∈ [0,1], then solutions to (1.1) are
population densities for the stepping stone model on the line. That is, u(t, x)
is the proportion of a particular allele type at location x in a population
undergoing Brownian migration and resampling between generations. For
this model, uniqueness in law holds by a moment duality argument [see
Shiga (1988)], and pathwise uniqueness remains unresolved.
Example 4. In this example, we no longer require u to be nonnegative.
Consider σ(u) =
√
|u| for u ∈R; that is, consider the SPDE
∂u
∂t
(t, x) =
∆
2
u(t, x) +
√
|u(t, x)|W˙ (t, x).(1.2)
This equation arises as a weak limit of the signed particle density of two
branching random walks, one with positive mass and one with negative
mass, which annihilate each other upon collision. More precisely, consider
two particle systems on Z/
√
N , one with positive mass and the other with
negative mass. Each particle independently produces offspring of the same
sign at a randomly chosen nearest neighbor at rate N/2 and dies at rate
N/2. The systems interact when particles collide, and then there is pairwise
annihilation. Define UN,±(t, x) as in Example 1 where one considers sepa-
rately the positive and negative masses. Extend these functions by linear
interpolation to x ∈ R. If UN,±(0, ·)→ u±(0, ·) uniformly for some limiting
cadlag (right-continuous with left limits) functions with compact support
satisfying u+(0, ·)u−(0, ·) ≡ 0, then {(UN,+,UN,−) :N ∈ N} is tight in the
Skorokhod space of cadlag C(R)-valued paths, where the latter space of
continuous functions has the topology of uniform convergence on compact
sets. Any weak limit point (u+, u−) will satisfy
∂u±
∂t
(t, x) =
∆
2
u±(t, x) +
√
u±(t, x)W˙±(t, x)− K˙t,
(1.3)
u+(t, x)u−(t, x)≡ 0,
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where W˙+ and W˙− are independent space–time white noises and Kt is a con-
tinuous nondecreasing process taking values in the space of finite measures
on the line with the topology of weak convergence. The space–time mea-
sure K(dt, dx) records the time and location of the killing resulting from
the particle collisions. It is then easy to check that u = u+ − u− satisfies
(1.2). No results about uniqueness were known for this process. The above
convergence was proved in an earlier draft of this article but we have not
included it as the details are a bit lengthy, if routine. The convergence will
only be used to help our intuition in what follows.
In general, pathwise uniqueness of solutions, that is, the fact that two
solutions with the same white noise and initial condition must coincide a.s.,
implies the uniqueness of their laws; see, for example, Kurtz (2007). Quite
different duality arguments give uniqueness in law in Examples 1 and 3,
at least among nonnegative solutions. But this kind of duality argument
is notoriously nonrobust, and the interest in pathwise uniqueness stems in
part from the hope that such an approach would apply to a broader class of
examples, including perhaps Examples 2 and 4.
It has long been hoped that pathwise uniqueness holds in (1.1) if σ is γ-
Ho¨lder continuous in the solution u for γ ≥ 1/2, since Yamada and Watanabe
(1971) showed the corresponding result holds for finite-dimensional stochas-
tic differential equations (SDEs). They proved that if σi :R→ R is Ho¨lder
continuous of index 1/2 and bi :R
d→ R is Lipschitz continuous, then solu-
tions to
dXit = σi(X
i
t)dB
i
t + bi(Xt)dt, i= 1, . . . , d
are pathwise unique. Note that (1.1) has the same “diagonal form” as the
above SDE albeit in infinitely many dimensions. It was Viot (1975) who
first noted Yamada and Watanabe’s proof extends to infinite dimensional
equations such as (1.1) if the noise is white in time but has a bounded
covariance kernel in the spatial variable. This proof breaks down for noise
that is white in both time and space, since in the t variable, solutions are
Ho¨lder continuous of index (1/4)− ε for all ε > 0, but not Ho¨lder continuous
of index 1/4. Hence, solutions are too rough in the time variable to be
semimartingales. Nonetheless in Mytnik and Perkins (2011) a more involved
extension of the Yamada–Watanabe argument was established which proved
pathwise uniqueness in (1.1) if σ(x, ·) is Ho¨lder continuous of index γ > 3/4,
uniformly in x.
This leads to the natural question of sharpness in this last result, that is:
Does pathwise uniqueness fail in general for (1.1) if σ(x, ·) =
σ(·) is γ-Ho¨lder continuous for γ ≤ 3/4, and in particular for
γ = 1/2?
(1.4)
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For the corresponding SDE, the Yamada–Watanabe result is shown to be
essentially sharp by Girsanov’s equation
Xt =
∫ t
0
|Xs|γ dBs(1.5)
for which one solution is Xt = 0. If γ < 1/2, there are nonzero solutions to
(1.5), and so solutions are neither pathwise unique nor unique in law; see
Section V.26 in Rogers and Williams (1987). This suggests we consider the
SPDE
∂u
∂t
(t, x) =
∆
2
u(t, x) + |u(t, x)|γW˙ (t, x),
(1.6)
u(0, x) = 0.
To state our main result we need some notation. A superscript k, re-
spectively ∞, indicates that functions are in addition k times, respectively
infinitely often, continuously differentiable. A subscript b, respectively c,
indicates that they are also bounded (together with corresponding deriva-
tives), respectively have compact support. Let 〈f, g〉= ∫
R
f(x)g(x)dx denote
the L2 inner product. Set
‖f‖λ := sup
x∈R
|f(x)|eλ|x|,
and define Crap := {f ∈ C(R) :‖f‖λ <∞ for any λ > 0}, endowed with the
topology induced by the norms ‖·‖λ for λ > 0. That is, fn→ f in Crap if and
only if d(f, fn) =
∑∞
k=1 2
−k(‖f − fn‖k ∧ 1)→ 0 as n→∞. Then (Crap, d) is
a Polish space. The space Crap is a commonly used state space for solutions
to (1.1); see Shiga (1994).
We assume in (1.1) that W˙ is a white noise on the filtered probability
space (Ω,F ,Ft, P ), where Ft satisfies the usual hypotheses. This means
Wt(φ) is an Ft-Brownian motion with variance ‖φ‖22t for each φ ∈L2(R, dx)
and Wt(φ1) andWt(φ2) are independent if 〈φ1, φ2〉= 0. A stochastic process
u :Ω×R+×R→R which is Ft-previsible×Borel measurable will be called
a solution to the SPDE (1.1) with initial condition u0 :R→ R if for each
φ ∈C∞c (R),
〈ut, φ〉= 〈u0, φ〉+
∫ t
0
〈
us,
∆
2
φ
〉
ds
(1.7)
+
∫ t
0
∫
σ(x,u(s,x))φ(x)W (ds, dx) for all t≥ 0 a.s.
(The existence of all the integrals is of course part of the definition.) We
often write ut for u(t, ·). We use the framework of Walsh (1986) to define
stochastic integrals with respect to W (ds, dx). For u0 ∈Crap, we say u is a
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Crap-valued solution if, in addition, t→ u(t, ·) has continuous Crap-valued
paths for all ω.
Here is our main result which answers question (1.4), at least for γ < 3/4.
Theorem 1.1. If 0< γ < 3/4, there is a Crap-valued solution u(t, x) to
(1.6) such that with positive probability, u(t, x) is not identically zero. In
particular, uniqueness in law and pathwise uniqueness fail for (1.6).
This leaves open the state of affairs for γ = 3/4 where, based on analogy
with the SDE, one would guess that uniqueness holds. Our theorem does,
however, dampen the hope of handling many of the SPDE’s in the above
examples through a Yamada–Watanabe type theorem. It also shows that
the SPDE in Example 4 does not specify a unique law.
A standard construction of a nonzero solution to Girsanov’s SDE proceeds
as follows. Start an “excursion” from ±ε, run it until it hits 0, and then
proceed to the next excursion, starting with the opposite sign. The process
consisting of ±ε jumps will disappear as ε→ 0 due to the alternating signs.
For γ < 1/2, a diffusion calculation shows that the rescaled return time of
the diffusion is in the domain of attraction of a stable subordinator of index
(2(1 − γ))−1 < 1, and the limiting jumps will lead to nontrivial excursions
in the scaling limit. With a bit of work one can do the same in (1.6) for
γ < 1/2. That is, one can seed randomly chosen bits of mass of size ±ε and
run the SPDE until it hits 0 and try again. Theorem 4 of Burdzy, Mueller
and Perkins (2010) carries out this argument and gives Theorem 1.1 for
γ < 1/2. Therefore, in the rest of this work we will assume
1/2≤ γ < 3/4.(1.8)
When γ ≥ 1/2 the above excursion argument breaks down as the time
to construct a nontrivial excursion will explode. Instead we start excursions
which overlap in time and deal with the potential spatial overlap of positive
and negative excursions. As Example 4 suggests we will annihilate mass
when the overlap occurs. Much of the challenge will be to show that this
overlap can be quite small if γ < 3/4.
We now outline our strategy for constructing a nontrivial solution to (1.6).
Let MF (E) denote the space of finite measures on the metric space E with
the weak topology. We will also use µ(φ) and 〈µ,φ〉 to denote integral of a
function φ against a measure µ. Below we will construct η+ε , η
−
ε ∈MF ([0,1]2),
both of which converge to Lebesgue measure dt dx on the unit square as ε ↓ 0,
and we will also construct nonnegative solutions U ε(t, x) and V ε(t, x) with
0 initial conditions to the equations
∂U ε
∂t
(t, x) = η˙+ε (t, x) +
∆
2
U ε(t, x) +U ε(t, x)γW˙+(t, x)− K˙εt ,(1.9)
∂V ε
∂t
(t, x) = η˙−ε (t, x) +
∆
2
V ε(t, x) + V ε(t, x)γW˙−(t, x)− K˙εt .(1.10)
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Here W˙+ and W˙− are independent white noises, and t→Kεt is a nonde-
creasingMF (R)-valued process. As suggested by (1.3),K
ε(dt, dx) will record
the locations of the pairwise annihilations resulting from the collisions be-
tween our two annihilating populations. This construction will lead to the
condition
U ε(t, ·)V ε(t, ·)≡ 0.
Note that η±ε are immigration terms. We will always assume that ε ∈ (0,1].
If ηε = η
+
ε − η−ε , it is easy to check that uε =U ε − V ε satisfies
∂uε
∂t
(t, x) = η˙ε(t, x) +
∆
2
uε(t, x) + |uε(t, x)|γW˙ (t, x)(1.11)
for an appropriately defined white noise W˙ . We will show that there ex-
ists a subsequence εk such that as k →∞, uεk(t, x) converges weakly in
the Skorokhod space of Crap-valued paths to a solution u(t, x) of (1.6); see
Proposition 2.2. U ε is the positive part of uε, and so Theorem 1.1 will then
follow easily from the following assertion:
Claim 1.2. There exists δ > 0 such that for all ε ∈ (0,1],
P
(
sup
t∈[0,1]
∫
U ε(t, x)dx > δ
)
> δ.
If Nε = ⌊ε−1⌋ (the greatest integer less than ε−1), the measure ηε will be
obtained by smearing out spatial mass using the time grid
Gε = {kε/2 : 1≤ k ≤ 2Nε}.(1.12)
We further denote by Goddε the points of Gε for which k is odd, where k is in
the definition of Gε above. We also define Gevenε to be those grid points for
which k is even and let
Jxε (z) = ε
1/2J((x− z)ε−1/2), x, z ∈R,(1.13)
where J is a nonnegative even continuous function bounded by 1 with sup-
port in [−1,1], and such that ∫
R
J(z)dz = 1. Now let us enumerate points
in Goddε and Gevenε as follows:
{si, i ∈Nε}= Goddε , {ti, i ∈Nε}= Gevenε ,
where si = (2i − 1) ε2 and ti = 2i ε2 for i ∈ Nε = {1, . . . ,Nε}. Let xi, yi, i =
1,2, . . . , be a sequence of independent random variables distributed uni-
formly on [0,1].
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We define ηε to be the signed measure
ηε(A) =
[ ∑
si∈Goddε
∫
Jxiε (y)1A(si, y)dy−
∑
ti∈Gevenε
∫
Jyiε (y)1A(ti, y)dy
]
≡ η+ε (A)− η−ε (A).
It is easy to check that η±ε are as claimed above.
To simplify the outline of our proof, we will take γ = 1/2 so that we can
appeal to Example 4 for intuition. In later sections we do not make this
restriction on γ. We can then decompose U ε =
∑Nε
i=1U
i into descendants
of the ith immigrant at (si, xi) (type i particles) and similarly write V
ε =∑Nε
j=1 V
j . We will suppress ε in the notation for clusters U i and V j . We
can also keep track of the killed mass and, by adding these ghost particles
back in, dominate U ε by a super-Brownian motion U¯ with immigration
η+ε , and dominate the {U i} by independent super-Brownian motions {U¯ i}
which sum to U¯ . Similar processes V¯ and {V¯ j} may be built to bound the
V ε and {V j}, respectively. We also can decompose K =∑iKi,U =∑jKj,V
according to the type of individual being killed. From hitting probabilities
of Feller’s branching diffusion U¯ i(1) = 〈U¯ i,1〉, we know that with reasonably
large probability one of the U¯ i clusters does hit 1, and we condition on such
an event for a fixed choice of i, denoting the conditional law by Qi. We now
proceed in three steps:
Step 1. Ki,Usi+t(1)≤ t3/2−ε for small t with reasonably large probability (see
Lemma 4.3 below), uniformly in ε.
This step uses a modulus of continuity for the support of the dominating
super-Brownian motions which states that they can spread locally no faster
than t1/2 with some logarithmic corrections which we omit for the purposes
of this outline; see Theorem 3.5 in Mueller and Perkins (1992) for a more
general version which we will need for the general γ case. This means both U¯ i
and V¯ j are constrained to lie inside a growing space–time parabola rooted at
their space–time birth points and hence the same is true for the dominated
processes U i and V j . If τj is the lifetime of V¯
j then, using the known law of
τj (it is the hitting time of zero by Feller’s branching diffusion starting from
ε) and a bit of geometry to see how large τj has to be for the parabola of V¯
j
to intersect with that of U¯ i from si to si+ t, one can easily deduce that with
reasonably large probability the only V¯ j clusters which can intersect with the
U¯ i cluster we have singled out are those born in the space–time rectangle
[si, si + t] × [xi − 2t1/2, xi + 2t1/2]. This means these are the only Kj,V ’s
[killing by descendants of (tj , yj)] that can contribute to K
i,U on [si, si + t]
since other V particles will not collide with the U i mass. In particular,
with reasonably large probability none of the V j clusters born before si can
affect the mass of U i on [si, si+ t]; see Lemma 7.4 for the proof of this last
NONUNIQUENESS FOR A PARABOLIC SPDE 9
assertion for general γ. The mean amount of killing by these V j ’s can be no
more than the mean amount of immigration which fuels these populations.
More precisely if one integrates out the version of (1.10) for V j over space,
sums over the above indices j and bring the sum of the resulting Kj to the
left-hand side, then one finds that if
Ri = [si, si+ t]× [xi − 2t1/2, xi+ 2t1/2],
then
E
[ ∑
(tj ,yj)∈Ri
Kjsi+t(1)
]
≤E(η−ε ([si, si+ t]× [xi − 2t1/2, xi+ 2t1/2]))≤ ct3/2.
A standard interpolation argument now shows the integrand on the left-hand
side is bounded by ct3/2−ε for small enough t a.s., and the claimed result
follows from the above and the fact that any killing by Ki,U is matched by
a killing on V by one of the Kj,V ’s. It will turn out that for γ < 3/4 one can
get the same bound on Kit(1).
Step 2. Under Qi, which was the conditional law defined before step 1,
4U¯ isi+·(1) is a 4-dimensional Bess
2-process and so U¯ isi+t(1) ≥ t1+ε for small
t a.s.
This follows from a standard change of measure argument; see Lemma 4.1
and its proof below. For general γ < 3/4, the mass 4U¯ isi+·(1) will be a time
change of a 4-dimensional Bess2-process, and one will be able to show that
U¯ isi+t(1)≥ tβ for small t a.s. for some β < 3/2.
Step 3. There is a reasonably large Qi-probability (uniform in ε) that
U isi+t(1)≥ t1+ε for small t.
To see this, note that the above steps set up a competition between the
conditioning which gives U¯ i(1) a positive linear drift and the killing which
is limited by step 1. To decide which effect wins when considering U i(1), we
will consider the ratio
Rt =
U¯ isi+t(1)−U isi+t(1)
U¯ isi+t(1)
∈ [0,1]
of ghost particles to total population (alive and dead). An application of
Itoˆ’s lemma will show that R is a submartingale satisfying
Rt =Nt +
Ksi+t(1)
U¯si+t(1)
,
where Nt is a continuous martingale. The last term is at most t
1/2−2ε for
small t with reasonably large Qi probability by steps 1 and 2. We localize to
get the above behavior almost surely up to a stopping time, take means and
use Kolmogorov’s inequality for martingales to see that Rt is less than 1/2
with reasonably large probability, uniformly in ε. By step 2 we can conclude
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that on this set U isi+t(1)≥ (1/2)t1+ε for small t, and so U isi+t(1) is bounded
away from 0 for small t with reasonably large Qi-probability uniformly in
t, as required. This step is carried out in the proof of Proposition 3.2 in
Section 5 below.
There are a number of problems when carrying out the above argument.
In step 1 we should pay attention to the fact that the underlying probability
is Qi. In addition, the argument for general γ is more involved. For example,
the clusters of the dominating processes V¯ j will no longer be independent
as they are when γ = 1/2 due to the branching property of solutions. Also,
the rate of propagation results in Mueller and Perkins (1992) only apply for
solutions where there is an underlying historical process which records the
ancestral histories of the surviving population members. We could extend the
construction of our solutions to (1.9) and (1.10) to include such processes,
but this gets a bit unwieldy. Instead we prove a comparison theorem for
supports of solutions of parabolic SPDE’s (Proposition 6.3) which allows
us to derive these results from the corresponding property of solutions of
(1.1) with σ(u) = uγ . The latter property holds for any solution since these
solutions are known to be unique in law by Mytnik (1998).
Remark 1.3. The condition that γ < 3/4 is required in step 1 to ensure
that with reasonably large probability, the V particles born before time si
do not contribute to the killing. Such killing, if it occurred, could lead to the
immediate annihilation of the ith seed with high probability. The bound on
γ is also used in steps 2 and 3 since otherwise the lower bound on U¯ isi+t(1)
near 0 will be tβ for some β > 3/2 which will be of no use in keeping Rt
small for t small.
Here is an outline of the paper. Section 2 gives a careful description of
the approximating solutions arising in (1.9), (1.10) and the various decom-
positions of these processes. The actual construction of these approximate
solutions is carried out in Appendix B, while the fact that limit points of
these approximating solutions provide actual solutions to (1.6) is given in
Appendix A, along with some standard moment bounds. In Section 3 an
inclusion–exclusion argument reduces the nonuniqueness result to a pair
of Propositions (3.2 and 3.3) which correspond to step 3 and an amalga-
mation of steps 1 and 2, respectively. In Section 4 Proposition 3.3 is then
reduced to a sequence of 5 lemmas, the main ones being Lemma 4.1 and
Lemma 4.3, corresponding to steps 2 and 1, respectively. Section 5 deals
with the main parts of the proof rooted in stochastic analysis including the
proofs of Lemma 4.1 and Proposition 3.2. Sections 6 and 7 deal with the
main parts of the proof involving qualitative properties of the clusters in-
cluding the proof of Lemma 4.3 (the growth rate of the killing measure)
in Section 7. Section 7 also gives the proof of the comparison theorem for
supports of solutions of certain SPDE’s.
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2. Set-up of equations. In what follows we assume that γ ∈ [1/2,3/4).
We will carry out the method outlined in the Introduction.
Recall that Nε = {1, . . . ,Nε} where Nε = ⌊ε−1⌋. For any Polish space E,
let D(R+,E) be the Skorokhod space of cadlag E-valued paths with left
limits in E, and define
Dε(R+,E) =D(R+,E)∩C(R+ \ Gε,E)
= the space of cadlag E-valued functions on R+, whose paths
are continuous on any time interval
[
(i− 1)ε
2
,
iε
2
)
,1≤ i≤ 2Nε,
and on [Nεε,∞).
We will construct a sequence of processes {(U i,ε, V i,ε), i ∈ Nε} with sample
paths in (C(R+ \ Gε,C+rap) ∩ Dε(R+,L1(R))2. For each φ ∈ C2b (R), w.p.1,
U i, V j (we will suppress ε in our notation) will satisfy the following equations
for all t≥ 0 and all i, j ∈Nε. Recall that Jxi was defined in (1.13):
U it (φ) = 〈Jxi , φ〉1(t≥ si)
+
∫ t
0
∫
R
U(s,x)γ−1/2U i(s,x)1/2φ(x)W i,U (ds, dx)
+
∫ t
0
U is
(
1
2
∆φ
)
ds−Ki,Ut (φ),
V jt (φ) = 〈Jyj , φ〉1(t≥ tj)
+
∫ t
0
∫
R
V (s,x)γ−1/2V j(s,x)1/2φ(x)W j,V (ds, dx)
+
∫ t
0
V js
(
1
2
∆φ
)
ds−Kj,Vt (φ),
with Ut =
∑
i
U it , Vt =
∑
i
V it ,
(2.1)
where, as will be shown in Proposition 2.1, U and V have paths in Dε(R+,
C+rap). Here W
i,U ,W j,V , i, j ∈ Nε are independent space time white noises.
Ki,U ,Kj,V and hence Kt below, are all right-continuous nondecreasing
MF (R)-valued processes representing the mutual killing of the two kinds
of particles, such that ∑
i
Ki,Ut =
∑
j
Kj,Vt =:Kt(2.2)
and
Ut(x)Vt(x) = 0 ∀t≥ 0, x ∈R.(2.3)
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That is, U and V have disjoint supports and hence the same is true of U i and
V j for all i, j ∈Nε. It follows from (2.1) with φ≡ 1 that for t < si, Ki,Ut (1)+
U it (1) is a continuous nonnegative local martingale, hence supermartingale,
starting at 0. Therefore Ki,Ut = U
i
t = 0, t < si and similarly K
j,V
t = V
j
t =
0, t < tj for all i, j ∈Nε. One can think of U and V as two populations with
initial masses immigrating at times si, i ∈ Nε and tj, j ∈ Nε, respectively.
Condition (2.3) implies the presence of a “hard killing” mechanism in which
representatives of both populations annihilate each other whenever they
meet. The meaning of the “hard killing” notion will become clearer when
we will explain the construction of the equations as limits of so-called soft-
killing models.
We can regard Ki,U and Kj,V as the “frozen” mass that was killed in cor-
responding populations due to the hard killing. If we reintroduce this mass
back we should get the model without killing. To this end let us introduce
the equations for “killed” populations which we denote by U˜ i, V˜ j . These
will take values in the same path space as U i, V j . For each φ ∈ C2b (R), we
require the following equations hold almost surely for all t≥ 0 and i, j ∈Nε:
U˜ it (φ) =
∫ t
0
∫
R
[(U˜(s,x) +U(s,x))2γ −U(s,x)2γ ]1/2
×
√
U˜ i(s,x)
U˜(s,x)
φ(x)W˜ i,U (ds, dx)
+
∫ t
0
U˜ is
(
1
2
∆φ
)
ds+Ki,Ut (φ),
V˜ jt (φ) =
∫ t
0
∫
R
[(V˜ (s,x) + V (s,x))2γ − V (s,x)2γ ]1/2
×
√
V˜ j(s,x)
V˜ (s,x)
φ(x)W˜ j,V (ds, dx)
+
∫ t
0
V˜ js
(
1
2
∆φ
)
ds+Kj,Vt (φ),
with U˜t =
∑
i
U˜ it , V˜t =
∑
j
V˜ jt ,
(2.4)
where, as will be shown in Proposition 2.1, U˜ and V˜ have paths in Dε(R+,
C+rap) and we define
√
0/0 = 0 in the stochastic integral. The white noises
W˜ i,U , W˜ j,V , i, j ∈Nε, are independent and also independent of {W i,U ,W j,V ,
i, j ∈Nε}. Again it is easy to see that
U˜ it = 0 for t < si and V˜
j
t = 0 for t < tj, i, j ∈Nε.(2.5)
Then using stochastic calculus, we deduce that the processes defined by
U¯ it ≡ U it + U˜ it , V¯ i ≡ V it + V˜ it satisfy the following equations for each φ as
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above, w.p.1 for all t≥ 0, i, j ∈Nε:
U¯ it (φ) = 〈Jxi , φ〉1(t≥ si) +
∫ t
0
U¯ is
(
1
2
∆φ
)
ds
+
∫ t
0
∫
R
√
U(s, x)2γ−1U i(s, x) + (U¯(s, x)2γ −U(s, x)2γ) U˜
i(s, x)
U˜(s, x)
× φ(x)W¯ i,U (ds, dx),
V¯ jt (φ) = 〈Jyj , φ〉1(t≥ tj) +
∫ t
0
V¯ js
(
1
2
∆φ
)
ds
+
∫ t
0
∫
R
√
V (s, x)2γ−1V j(s, x) + (V¯ (s, x)2γ − V (s, x)2γ) V˜
j(s, x)
V˜ (s, x)
× φ(x)W¯ j,V (ds, dx),
with U¯t =
∑
i
U¯ it , V¯t =
∑
j
V¯ jt ,
(2.6)
where, {W¯ i,U , W¯ j,V , i, j ∈ Nε} is again a collection of independent white
noises. In spite of the complicated appearance of (2.6), for U¯ , V¯ we easily get
U¯t(φ) =
∫ t
0
∫
φ(x)η+ε (ds, dx) +
∫ t
0
U¯s
(
1
2
∆φ
)
ds
+
∫ t
0
∫
R
U¯(s,x)γφ(x)W¯U (ds, dx), t≥ 0,
V¯t(φ) =
∫ t
0
∫
φ(x)η−ε (ds, dx) +
∫ t
0
V¯s
(
1
2
∆φ
)
ds
+
∫ t
0
∫
R
V¯ (s,x)γφ(x)W¯ V (ds, dx), t≥ 0,
(2.7)
for independent white noises W¯U and W¯ V . One can easily derive from the
proof of Theorem 1 of Mytnik (1998) that (U¯ , V¯ ) is unique in law (see
Remark A.2 below).
Our next proposition establishes existence of solutions to the above sys-
tems of equations. The filtration (Ft) will always be right-continuous and
such that F0 contains the P -null sets in F . For any T ≥ 1, the space
Dε([0, T ],E) is defined in the same way as Dε(R+,E), but for E-valued
functions on [0, T ].
For any function f ∈D(R+,R), we set∆f(t)≡ f(t)−f(t−), for any t≥ 0.
Proposition 2.1. There exists a sequence (U i, V i, U˜ i, V˜ i, U¯ i, V¯ i,Ki,U ,
Ki,V )i∈Nε of processes in
((C([0, T ] \ Gε,C+rap)
∩Dε([0, T ],L1(R)))4 ×Dε(R+,C+rap)2 ×Dε(R+,MF (R))2)Nε ,
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which satisfies (2.1)–(2.7). Moreover, (U,V, U˜ , V˜ ) ∈Dε(R+,C+rap)4, and the
following conditions hold:
(a) For any i ∈Nε, U¯ isi+· ∈C(R+,C+rap), V¯ iti+· ∈C(R+,C+rap) and
U¯ i(s, ·) = 0, s < si, V¯ i(s, ·) = 0, s < ti.
(b) K· only has jumps at times in Gε, and
sup
t
∆Kt(1)≤ ε.(2.8)
In what follows we will call U¯ i, V¯ i (resp., U i, V i) the clusters of the
processes U¯ , V¯ (resp., U , V ).
Now with all the processes in hand, let us state the results which will
imply the nonuniqueness in (1.6) with zero initial conditions. First define
uε(t) := Ut − Vt ∈Crap(2.9)
and recall that Ut, Vt implicitly depend on ε. Then it is easy to see from the
above construction that uε satisfies the following SPDE:
〈uε(t), φ〉=
∑
i
〈Jxi1(t≥ si), φ〉 −
∑
j
〈Jyj1(t≥ tj), φ〉
(2.10)
+
∫ t
0
1
2
〈uε(s),∆φ〉ds+
∫ t
0
∫
|uε(s,x)|γφ(x)W (ds, dx)
for φ ∈C2b (R).
The following two propositions will imply Theorem 1.1.
Proposition 2.2. Let εn =
1
n . Then {uεn}n is tight in D(R+,Crap). If
u is any limit point as εnk ↓ 0, then u is a Crap-valued solution of the SPDE
(1.6).
The next proposition is just a restatement of Claim 1.2.
Proposition 2.3. There exists δ2.3, ε2.3 > 0 such that for all ε ∈ (0, ε2.3],
P
(
sup
t∈[0,1]
∫
U εt (x)dx > δ2.3
)
> δ2.3.
The proof of Proposition 2.2 will be standard and may be found in Ap-
pendix A. Most of the paper is devoted to the proof of Proposition 2.3.
3. Outline of the proof of Proposition 2.3. We analyze the behavior of
the clusters U i, V i and show that with positive probability at least one of
them survives. As in the previous section, we suppress dependence on the
parameter ε ∈ (0,1].
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To make our analysis precise we need to introduce the event Ai that the
mass of the cluster U¯ i reaches 1 before the cluster dies. Define
τ¯i = inf{t : U¯ isi+t(1) = 1},
Ai ≡ {τ¯i <∞},
so that τ¯i is an (Fsi+t)-stopping time. Since we will often assume that one
of Ai occurs with positive probability, we define the conditional probability
measure Qi,
Qi(A) = P (A|Ai) ∀A∈ F .(3.1)
We need the following elementary lemma whose proof is given in Section 5.
Lemma 3.1. For all 1≤ i, j ≤Nε, the events Ai =Ai(ε) satisfy:
(a) P (Ai) = ε;
(b) P (Ai ∩Aj) = ε2, i 6= j.
A simple inclusion–exclusion lower bound on P (
⋃⌊2−1ε−1⌋
i=1 Ai) shows that
for ε≤ 1/4, with probability at least 3/16, at least one cluster of U¯ i survives
until it attains mass 1. We will focus on the corresponding U i and to show it
is nonzero with positive probability (all uniformly in ε), and we will establish
a uniform (in ε) escape rate. Set
β =
3/2− γ
2(1− γ) ,(3.2)
and note that β < 3/2 for γ < 3/4. Our escape rate depends on a parameter
δ1 ∈ (0,1) (which will eventually be taken small enough depending on γ)
and is given in the event
Bi(t) = {U isi+s(1)≥ 12sβ+δ1 ,∀s ∈ [ε2/3, t]}.
Denote the closed support of a measure µ on R by S(µ). Let
TR = inf{t :‖U¯t(·)‖∞ ∨ ‖V¯t(·)‖∞ >R},
so that (TR−si)+ is an Fsi+t-stopping time. To localize the above escape rate
we let δ0 ∈ (0,1/4] and define additional (Fsi+t)-stopping times (inf∅=∞)
by
ρδ0,εi = ρi = inf{t :S(U¯ isi+t) 6⊂ [xi − ε1/2 − t1/2−δ0 , xi + ε1/2 + t1/2−δ0 ]},
Hδ1,εi =Hi = inf{t≥ 0 : U¯ it+si(1)< (t+ ε)β+δ1},
θδ0,εi = θi = inf{t :Ki,Ut+si(1)> (t+ ε)3/2−2δ0},
vδ0,δ1,εi = vi = τ¯i ∧Hi ∧ θi ∧ ρi ∧ (TR − si)+.
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We now state the two key results and show how they lead to Proposi-
tion 2.3. The first result is proved in Section 5 below using some stochastic
analysis and change of measure arguments. The second is reduced to a se-
quence of lemmas in Section 4.
Proposition 3.2. There are δ3.2(γ)> 0 and p= p3.2(γ) ∈ (0,1/2] such
that if 0< 2δ0 ≤ δ1 ≤ δ3.2, then
Qi(Bi(t ∧ vi))≥ 1− 5tp for all t > 0 and ε ∈ (0,1].
Proposition 3.3. For each δ1 ∈ (0,1) and small enough δ0 > 0, depend-
ing on δ1 and γ, there exists a nondecreasing function δ3.3(t), not depending
on ε, such that
lim
t↓0
δ3.3(t) = 0,
and for all ε, t ∈ (0,1],
P
(
tNε⋃
i≥1
({vi < t} ∩Ai)
)
≤ tδ3.3(t).
With these two propositions we can give the following:
Proof of Proposition 2.3. Let p = p3.2 and δ(t) = δ3.3(t). Assume
t= t2.3 ∈ (0,1] is chosen so that 5tp + t+ δ(t)≤ 1/2. We claim that
P
(
tNε⋃
i=1
Bi(t)
)
≥ t
4
∀ε ∈ (0, t/8].(3.3)
Choose δ1 > 0 as in Proposition 3.2, then δ0 ∈ (0, δ1/2] as in Proposition 3.3
and finally t= t2.3 as above. Then we have
P
(
tNε⋃
i=1
Bi(t)
)
≥ P
(
tNε⋃
i=1
Bi(t∧ vi)∩Ai ∩ {vi ≥ t}
)
≥ P
(
tNε⋃
i=1
Bi(t∧ vi)∩Ai
)
− P
(
tNε⋃
i=1
Ai ∩ {vi < t}
)
≥
tNε∑
i=1
P (Bi(t ∧ vi)∩Ai)−
tNε∑
i=1
tNε∑
j=1,j 6=i
P (Ai ∩Aj)
−P
(
tNε⋃
i=1
Ai ∩ {vi < t}
)
.
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Recall the definition of the conditional law Qi, and use Lemma 3.1(b) to see
that the above is at least
tNε∑
i=1
Qi(Bi(t ∧ vi))P (Ai)− t2N2ε ε2 −P
(
tNε⋃
i=1
Ai ∩ {vi < t}
)
≥ ε(tNε − 1)− 5Nεεt1+p3.2 − t2 − tδ3.3(t)
≥ t[1− 5tp3.2 − t− δ3.3(t)]− 2ε,
where the next to last inequality follows by Lemma 3.1(a) and Proposi-
tions 3.2, 3.3. Our choice of t= t2.3 shows that for ε≤ t2.3/8. The above is
at least t2 − t4 = t4 . It follows from the final part of (2.1) that for all t≥ 0,∫
U εt (x)dx ≥ maxi
∫
U i,εt (x)dx. The proposition follows immediately from
(3.3). 
4. Lower bounds on the stopping times: Proof of Proposition 3.3. In this
section we reduce the proof of Proposition 3.3 to five lemmas which will be
proved in Sections 5–7 below. The bounds in this section may depend on
the parameters δ0 and δ1, but not ε. We introduce
δ¯ = δ¯(γ) = 13(
3
2 − 2γ) ∈ (0,1/6].(4.1)
Lemma 4.1. For δ0 > 0 sufficiently small, depending on δ1, γ, there is a
function η4.1 :R+ → [0,1] so that η4.1(t)→ 0 as t ↓ 0, and for all t > 0 and
ε ∈ (0,1],
Qi(Hi ≤ τ¯i ∧ ρi ∧ t)≤ η4.1(t) + 8εδ1 .
Lemma 4.2. For all t > 0 and ε ∈ (0,1],
Qi(τ¯i ≤ t∧ (TR − si)+)≤ 2γR2γ−1t+ ε.
Lemma 4.3. If 0< δ0 ≤ δ¯, there is a constant c4.3, depending on γ and
δ0, so that
Qi(θi < ρi ∧ t)≤ c4.3(t ∨ ε)δ0 for all ε, t ∈ (0,1] and si ≤ t.
It remains to handle the ρi and TR. This we do under the probability P .
Lemma 4.4. There is a constant c4.4 ≥ 1, depending on γ and δ0, so
that
P
(
pNε⋃
i=1
{ρi ≤ t}
)
≤ c4.4(t ∨ ε)p1(p≥ ε) for all ε, p, t ∈ (0,1].
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Lemma 4.5. For any ε0 > 0 there is a function δ4.5 : (0,2]→R+ so that
limt→0 δ4.5(t) = 0 and
P
(
sup
s<t,x∈R
U¯(s,x)∨ V¯ (s,x)> t−2−ε0
)
≤ tδ4.5(t) for all ε ∈ (0,1], t ∈ (0,2].
Assuming the above five results it is now very easy to give the following:
Proof of Proposition 3.3. For δ1 ∈ (0,1) choose δ0 > 0 small enough
so that the conclusion of Lemmas 4.1 and 4.3 hold. Then for 0< t≤ 1≤R
and 0< ε≤ 1, using Lemma 4.4 with p= t, we have
P
(
tNε⋃
i=1
{vi < t} ∩Ai
)
≤ P
(
tNε⋃
i=1
{TR < t+ si}
)
+P
(
tNε⋃
i=1
{τ¯i < t∧ (TR − si)+} ∩Ai
)
+ P
(
tNε⋃
i=1
{ρi < t}
)
+P
(
tNε⋃
i=1
{Hi < τ¯i ∧ ρi ∧ t} ∩Ai
)
+ P
(
tNε⋃
i=1
{θi < ρi ∧ t} ∩Ai
)
≤ P (TR < 2t) +
tNε∑
i=1
Qi(τ¯i ≤ t∧ (TR − si)+)P (Ai) + c4.4(t ∨ ε)t1(t≥ ε)
+
tNε∑
i=1
Qi(Hi < τ¯i ∧ ρi ∧ t)P (Ai) +
tNε∑
i=1
Qi(θi < ρi ∧ t)P (Ai).
Now apply Lemma 3.1 and Lemmas 4.1–4.3 to bound the above by
P
(
sup
s<2t,x∈R
U¯(s,x)∨ V¯ (s,x)>R
)
+ 2γR2γ−1t2 + εt+ c4.4t2
+ tη4.1(t) + t8ε
δ1 + tc4.3(t ∨ ε)δ0 .
We may assume without loss of generality that η4.1 is nondecreasing and
t≥ ε (or else the left-hand side is 0). Set R= t−2−ε0 , where ε0 > 0 is chosen
so that 3− 4γ − ε0(2γ − 1)> 0 and use Lemma 4.5 to obtain the required
bound with
δ3.3(t) = 2δ4.5(2t) + 2γ(2t)
3−4γ−ε0(2γ−1) +2c4.4t+ η4.1(t) + 8tδ1 + c4.3tδ0 .
This finishes the proof of Proposition 3.3. 
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5. Change of measure and stochastic analysis: Proofs of Proposition 3.2
and Lemmas 4.1 and 4.2. Define
τ¯i(0) = inf{t≥ 0 : U¯ isi+t(1) = 0}
and
τ¯i(0,1) = τ¯i(0) ∧ τ¯i,
where τ¯i was defined at the beginning of Section 3.
It follows from (2.6) that
U¯ it+si(1) = ε+ M¯
i
t ,(5.1)
where M¯ i is a continuous local (Fsi+t)-martingale starting at 0 at t= 0 and
satisfying
〈M¯ i〉t =
∫ si+t
si
∫
U(s,x)2γ−1U i(s,x)
(5.2)
+ (U¯(s,x)2γ −U(s,x)2γ) U˜
i(s,x)
U˜(s,x)
dxds.
Lemma 5.1. There is a c5.1 = c5.1(γ)> 0 so that
P (τ¯i(0)> t)≤ c5.1ε2−2γt−1 for all t > 0.
Proof. It follows from (5.2) that
d〈M¯ i〉(t)
dt
=
∫
U(si + t, x)
2γ−1U i(si + t, x)
+ (U¯(si + t, x)
2γ −U(si + t, x)2γ) U˜
i(si + t, x)
U˜(si + t, x)
dx
(5.3)
≥
∫
U(si + t, x)
2γ−1U i(si + t, x) + U˜(si + t, x)2γ−1U˜ i(si + t, x)dx
≥
∫
U i(si + t, x)
2γ + U˜ i(si + t, x)
2γ dx
≥ 21−2γ
∫
U¯ i(si + t, x)
2γ dx.
If γ > 1/2, the result now follows from Lemma 3.4 of Mueller and Perkins
(1992).
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If γ = 1/2, then one can construct a time scale τt satisfying τt ≤ t for τt ≤
τ¯i(0), under which t→ U isi+τt(1) becomes Feller’s continuous state branching
diffusion. The required result then follows from well-known bounds on the
extinction time for the continuous state branching process; for example, see
equation (II.5.12) in Perkins (2002). 
Proposition 5.2.
Qi(A) =
∫
A
U¯ isi+(τ¯i∧t)(1)
ε
dP for all A ∈Fsi+t, t≥ 0.
Proof. Since τ¯i(0,1) <∞ a.s. (by the previous lemma) and U¯ i(1) re-
mains at 0 when it hits 0, we have
1(τ¯i <∞) = U¯ isi+τ¯i(0,1)(1) a.s.(5.4)
By considering τ¯i(0,1)≤ t and τ¯i(0,1)> t separately we see that
U¯ isi+(τ¯i(0,1)∧t)(1) = U¯
i
si+(τ¯i∧t)(1) a.s. on {τ¯i > t}.(5.5)
If A ∈ Fsi+t, then
P (A, τ¯i <∞) = P (A, τ¯i ≤ t) + P (A, t < τ¯i <∞)
=
∫
1(A, τ¯i ≤ t)U¯ isi+(τ¯i∧t)(1)dP(5.6)
+E(1(A, τ¯i > t)P (τ¯i <∞|Fsi+t)).
By (5.4) and (5.5) on {τ¯i > t},
P (τ¯i <∞|Fsi+t) = E(U¯ isi+τ¯i(0,1)(1)|Fsi+t)
= U¯ isi+(τ¯i(0,1)∧t)(1)
= U¯ isi+(τ¯i∧t)(1).
Then from (5.6) we conclude that
P (A, τ¯i <∞) =
∫
A
U¯ isi+(τ¯i∧t)(1)dP.(5.7)
If A=Ω, we get
P (τ¯i <∞) =E(U¯ isi+(τ¯i∧t)(1)) = U¯ isi(1) = ε.(5.8)
Taking ratios in the last two equalities, we see that
Qi(A) =
∫
A
U¯ isi+(τ¯i∧t)(1)/εdP
as required. 
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Proof of Lemma 3.1. (a) Immediate from (5.8).
(b) Assume i < j. The orthogonality of the bounded continuous (Ft)-
martingales U¯ i
t∧(si+τ¯ i(0,1))(1) and U¯
j
t∧(tj+τ¯ j(0,1))(1) [see (2.6)] shows that
E[U¯ isi+τ¯ i(0,1)(1)U¯
j
sj+τ¯ j(0,1)
(1)|Fsj ]1(si+ τ¯i(0,1)> sj)
(5.9)
= U¯ isj (1)ε1(si+ τ¯i(0,1)> sj).
By first using (5.4) and then (5.9), we have
P (Ai ∩Aj)
=E[U¯ isi+τ¯ i(0,1)(1)U¯
j
sj+τ¯ j(0,1)
(1)]
=E[U¯ isi+τ¯ i(0,1)(1)1(si + τ¯i(0,1)≤ sj)E[U¯
j
sj+τ¯ j(0,1)
(1)|Fsj ]]
+E[E[U¯ isi+τ¯ i(0,1)(1)U¯
j
sj+τ¯ j(0,1)
(1)|Fsj ]1(si+ τ¯i(0,1)> sj)]
=E[U¯ i(si+τ¯ i(0,1))∧sj (1)1(si+ τ¯i(0,1)≤ sj)ε]
+E[U¯ isj(1)ε1(si + τ¯i(0,1)> sj)]
=E[U¯ i(si+τ¯ i(0,1))∧sj (1)]ε= ε
2. 
Proof of Lemma 4.1. Clearly M¯ it∧τ¯i is a bounded (Fsi+t)-martingale
under P . Girsanov’s theorem [see Theorem VIII.1.4 of Revuz and Yor (1999)]
shows that
M¯ it∧τ¯i = M¯
i,Q
t +
∫ t∧τ¯i
0
U¯ isi+s(1)
−1 d〈M¯ i〉s,(5.10)
where M¯ i,Q is an (Fsi+t)-local martingale under Qi such that 〈M¯ i,Q〉t =
〈M¯ i〉t∧τ¯i .
If X¯t = U¯
i
si+(t∧τ¯i)(1), for
t≤
∫ τ¯i
0
X¯−1s d〈M¯ i〉s ≡Ri,
define τt by ∫ τt
0
X¯−1s d〈M¯ i〉s = t.(5.11)
Since X¯s > 0 and
d〈M¯ i〉s
ds > 0 for all 0≤ s≤ τ¯i Qi-a.s. [see (5.2)] this uniquely
defines τ under Qi as a strictly increasing continuous function on [0,Ri] =
[0, τ−1(τ¯i)]. By differentiating (5.11) we see that
d
dt
(〈M¯ i〉 ◦ τ)(t) = X¯(τt), t≤ τ−1(τ¯i).(5.12)
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Let Nt = M¯
i,Q(τt), so that
Zt ≡ X¯(τt) = ε+Nt + t for t≤ τ−1(τ¯i),
and by (5.12) for t as above,
〈N〉t = 〈M¯ i〉(τt) =
∫ t
0
Zs ds.
Therefore we can extend the continuous local martingale N(t ∧ τ−1(τ¯i))
for t > τ−1(τ¯i) so that 4Zt is the square of a 4-dimensional Bessel pro-
cess; see Section XI.1 of Revuz and Yor (1999). By the escape rate for 4Z
[see Theorem 5.4.6 of Knight (1981)] and a comparison theorem for SDE
[Theorem V.43.1 of Rogers and Williams (1987)] there is a nondecreasing
ηδ0 :R+ → [0,1] so that ηδ0(0+) = 0 and if TZ = inf{t :Zt = 1}, and
Γ(ε, δ0) = inf
0<t≤TZ
Z(t)
t1+δ0
,
then
sup
0<ε≤1
Qi(Γ(ε, δ0)≤ r)≤ ηδ0(r).(5.13)
Clearly TZ = τ
−1(τ¯i) and so
inf
0<u≤τ¯i
X¯(u)
τ−1(u)1+δ0
= inf
0<t≤TZ
X¯(τt)
t1+δ0
= Γ(ε, δ0).
That is,
X¯(u)≥ Γ(ε, δ0)τ−1(u)1+δ0 for all 0< u≤ τ¯i.(5.14)
To get a lower bound on τ−1(u), use (5.3) to see that for s < ρi ∧ τ¯i,
d〈M¯ i〉s
ds
≥ 21−2γ
∫
1(xi − ε1/2 − s(1/2)−δ0 ≤ x≤ xi + ε1/2 + s(1/2)−δ0)
× U¯ i(si+ s,x)2γ dx
≥ 21−2γ [2(ε1/2 + s(1/2)−δ0)]1−2γX¯(s)2γ ,
where the bound on s is used in the last line. Therefore for ε/2≤ s < ρi ∧ τ¯i
there is a c1(γ)> 0 so that
dτ−1(s)
ds
= X¯−1s
d〈M¯ i〉s
ds
≥ c1(γ)s((1/2)−δ0)(1−2γ)X¯2γ−1s
≥ c1(γ)Γ(ε, δ0)2γ−1s((1/2)−δ0)(1−2γ)τ−1(s)(2γ−1)(1+δ0),
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where (5.14) is used in the last line. Therefore if ε≤ t≤ ρi ∧ τ¯i, then∫ t
ε/2
dτ−1(s)
τ−1(s)(2γ−1)(1+δ0)
≥ c1(γ)Γ(ε, δ0)2γ−1
∫ t
ε/2
s((1/2)−δ0)(1−2γ) ds.
If δ′0 = δ0(2γ − 1), this in turn gives
τ−1(t)2−2γ−δ
′
0 ≥ c1(γ)Γ(ε, δ0)2γ−1
[
t1+(1/2−δ0)(1−2γ) −
(
ε
2
)1+(1/2−δ0)(1−2γ)]
≥ c2(γ)Γ(ε, δ0)2γ−1t(3/2)−γ+δ′0 .
We have shown that if β(δ0) =
(3/2)−γ+δ′0
2−2γ−δ′0 , then for ε≤ t≤ ρi ∧ τ¯i,
τ−1(t)≥ c2(γ)1/(2−2γ−δ′0)Γ(ε, δ0)(2γ−1)/(2−2γ−δ′0)tβ(δ0)
≥ c2(γ)1/(2−2γ−δ′0)(Γ(ε, δ0)∧ 1)2tβ(δ0),
where δ′0 < 1/4 is used in the last line.
Recall the definition of the constant β ∈ [1, 32) from (3.2). Use the above
in (5.14) to see that there is a c3(γ) ∈ (0,1) so that for ε≤ t≤ ρi ∧ τ¯i ∧ 1,
X¯(t)≥ [c3(γ)(Γ(ε, δ0)∧ 1)]4tβ(δ0)(1+δ0)
> (2t)β+δ1 ,
provided that c3(γ)(Γ(ε, δ0) ∧ 1) > 2tδ0 , and δ0 is chosen small enough de-
pending on δ1 and γ. By (5.13) we conclude that for t≤ 1, and ε ∈ (0,1],
Qi(X¯s ≤ (2s)β+δ1 for some ε≤ s≤ ρi ∧ τ¯i ∧ t)
≤Qi(Γ(ε, δ0)∧ 1≤ 2tδ0/c3(γ))(5.15)
≤ ηδ0(2tδ0/c3(γ)) + 1(2tδ0 ≥ c3(γ))≡ η4.1(t).
The above inequality is trivial for t > 1 as then the right-hand side is at
least 1.
Next note that since Zt = X¯(τt) for t≤ TZ , X¯u ≡ 1 for u≥ τ¯i, and 4Z has
scale function s(x) =−x−1 [see (V.48.5) in Rogers and Williams (1987)], we
see that for εδ1 ≤ 2−β−δ1 ,
Qi(X¯t ≤ (2ε)β+δ1 for some t≥ 0)≤Qi(4Z hits 4(2ε)β+δ1 before 4)
=
s(4)− s(4ε)
s(4)− s(4 · 2β+δ1εβ+δ1)
=
1− ε
2−β−δ1ε1−β−δ1 − ε
(5.16)
=
1− ε
2−β−δ1ε−δ1(ε1−β − 2β+δ1εδ1+1)
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≤ 1− ε
2−β−δ1ε−δ1(ε1−β − ε)
≤ 2β+δ1εδ1 ≤ 8εδ1 .
The above bound is trivial if εδ1 > 2−β−δ1 .
We combine (5.15) and (5.16) to conclude that
Qi(X¯s ≤ (s+ ε)β+δ1 for some 0≤ s≤ ρi ∧ τ¯i ∧ t)
≤Qi(X¯s ≤ (2s)β+δ1 for some ε≤ s≤ ρi ∧ τ¯i ∧ t)
+Qi(X¯s ≤ (2ε)β+δ1 for some 0≤ s≤ ε)
≤ η4.1(t) + 8εδ1 .
The result follows. 
Proof of Lemma 4.2. As in the previous proof we set
X¯t = U¯si+(t∧τ¯i)(1) = ε+ M¯
i
t∧τ¯i .
From (5.10) we have under Qi
X¯t = ε+ M¯
i,Q
t +
∫ t∧τ¯i
0
X¯−1s d〈M¯ i〉s,(5.17)
where M¯ i,Q is an (Fsi+t)-local martingale underQi. Therefore X¯ is a bounded
nonnegative submartingale under Qi, and by the weak L
1 inequality
Qi(τ¯i ≤ t ∧ (TR − si)+) =Qi
(
sup
s≤t∧(TR−si)+
X¯s ≥ 1
)
(5.18)
≤
∫
X¯t∧(TR−si)+ dQi.
It is not hard to show that M¯ i,Q is actually a martingale under Qi, but
even without this we can localize and use Fatou’s lemma to see that the
right-hand side of (5.18) is at most
ε+EQi
[∫ t
0
1(s≤ (TR − si)+ ∧ τ¯i)X¯−1s d〈M¯ i〉s
]
≡ ε+ I.(5.19)
Next we use (2.6) and then the mean value theorem to see that
I =EQi
[∫ si+t
si
1(s≤ TR ∧ (si + τ¯i))
×
∫
(U(s,x)2γ−1U i(s,x) + U¯(s,x)2γ −U(s,x)2γ)
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× U˜ i(s,x)U˜(s,x)−1 dx U¯ is(1)−1 ds
]
≤
∫ si+t
si
EQi
[
1(s≤ TR ∧ (si + τ¯i))
×
∫
(U(s,x)2γ−1U i(s,x) + 2γU¯ (s,x)2γ−1U˜ i(s,x))dx
× U¯ is(1)−1
]
ds
≤ 2γR2γ−1
∫ si+t
si
EQi
[
1(s≤ si+ τ¯i)
∫
U¯ i(s,x)dxU¯ is(1)
−1
]
ds
≤ 2γR2γ−1t.
We put the above bound into (5.19) and then use (5.18) to conclude that
Qi(τ¯i ≤ t ∧ (TR − si)+)≤ ε+2γR2γ−1t
as required. 
Proof of Proposition 3.2. Fix i≤Nε and set
Xt = U
i
si+(t∧τ¯i)(1), Dt = U˜
i
si+(t∧τ¯i)(1).
If f(x,d) = d/(x+ d), then
Rt ≡
U˜ isi+(t∧τ¯i)(1)
U¯ i
si+(t∧τ¯i)(1)
= f(Xt,Dt) ∈ [0,1].(5.20)
Proposition 2.1 shows that X and D are right-continuous semimartingales
with left limits. We will work under Qi so that the denominator of R is
strictly positive for all t≥ 0 Qi-a.s. Our goal will be to show that R remains
small on [0, t ∧ vi] for t small with high probability, uniformly in ε. Then
U isi+s(1) will be bounded below by a constant times U¯si+s(1) on this interval
with high probability, and the latter satisfies a uniform escape rate on the
interval by the definition of vi.
From Proposition 2.1, and in particular (2.4) and (2.5), we have
U˜ isi+(t∧τ¯i)(1) = M˜
i
t +K
i,U
si+(t∧τ¯i)(1),
where M˜ i is the continuous (Fsi+t)-local martingale (under P ) given by
M˜ it =
∫ si+(t∧τ¯i)
si
(U¯(s,x)2γ −U(s,x)2γ)1/2
√
U˜ i(s,x)
U˜(s,x)
W˜ i,U(ds, dx),
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and Ki,Usi+· is a right-continuous nondecreasing process. By Girsanov’s the-
orem [Theorem VIII.1.4 in Revuz and Yor (1999)] there is a continuous
(Fsi+t)-local martingale under Qi, M˜ i,Q, so that
M˜ it = M˜
i,Q
t +
∫ si+(t∧τ¯i)
si
U¯ is(1)
−1 d〈M˜ i, M¯ i〉s
= M˜ i,Qt(5.21)
+
∫ si+(t∧τ¯i)
si
∫
(U¯(s,x)2γ −U(s,x)2γ) U˜
i(s,x)U˜(s,x)−1
U¯ is(1)
dxds.
From (2.1) we have
U isi+(t∧τ¯i)(1) = ε+M
i
t −Ki,Usi+(t∧τ¯i)(1),
where M i is the continuous (Fsi+t)-local martingale (under P ),
M it =
∫ si+(t∧τ¯i)
si
∫
U(s,x)γ−(1/2)U i(s,x)1/2W i,U (ds, dx).
Another application of Girsanov’s theorem implies there is a continuous
(Fsi+t)-local martingale under Qi, M i,Qt , such that
M it =M
i,Q
t +
∫ si+(t∧τ¯i)
si
∫
U(s,x)2γ−1U i(s,x)
U¯ is(1)
dxds.(5.22)
Note that 〈M i, M˜ i〉= 0 and soM i,Q and M˜ i,Q are also orthogonal under Qi.
If
Jt =
∑
s≤t
f(Xs,Ds)− f(Xs−,Ds−)−fx(Xs−,Ds−)∆Xs − fd(Xs−,Ds−)∆Ds,
then Itoˆ’s lemma [e.g., Theorem VI.39.1 in Rogers and Williams (1987)]
shows that under Qi,
Rt =R0 +
∫ t
0
fx(Xs−,Ds−)dXs +
∫ t
0
fd(Xs−,Ds−)dDs
+
∫ t∧τ¯i
0
1
2
fxx(Xs−,Ds−)
∫
U(si+ s,x)
2γ−1U i(si + s,x)dxds
(5.23)
+
∫ t∧τ¯i
0
1
2
fdd(Xs−,Ds−)
∫
[U¯(si + s,x)
2γ −U(si + s,x)2γ ]
× U˜ i(si + s,x)U˜(si + s,x)−1 dxds+ Jt.
Since
∆Xt =−∆Ki,Usi+(t∧τ¯i)(1) =−∆Dt,
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and fx =−d(x+ d)−2, fd = x(x+ d)−2, we conclude that
Jt =
∑
s≤t
[f(Xs−−∆Ds,Ds−+∆Ds)− f(Xs−,Ds−)
+ [fx − fd](Xs−,Ds−)∆Ds]
=
∑
s≤t
∆Ds
Xs− +Ds−
− ∆Ds
Xs− +Ds−
= 0.
We use fxx = 2d(x+ d)
−3, fdd = −2x(x+ d)−3, (5.21) and (5.22) in (5.23)
to conclude that if X¯t = U¯
i
si+(t∧τ¯i)(1) and
Nt =
∫ t
0
−Ds−X¯−2s dM i,Qs +
∫ t
0
Xs−X¯−2s dM˜
i,Q
s ,
then
Rt =R0 +Nt +
∫ t∧τ¯i
0
(−Ds−X¯−3s )
∫
U(si + s,x)
2γ−1U i(si + s,x)dxds
+
∫ t∧τ¯i
0
Ds−X¯−2s dK
i,U
si+s(1)
+
∫ t∧τ¯i
0
XsX¯
−3
s
∫
[U¯(si + s,x)
2γ −U(si+ s,x)2γ ]
× U¯ i(si + s,x)U˜(si + s,x)−1 dxds
+
∫ t∧τ¯i
0
Xs−X¯−2s dK
i,U
si+s(1)
+
∫ t∧τ¯i
0
Ds−X¯−3s
∫
U(si + s,x)
2γ−1U i(si + s,x)dxds(5.24)
−
∫ t∧τ¯i
0
XsX¯
−3
s
∫
[U¯(si + s,x)
2γ −U(si+ s,x)2γ ]
× U˜ i(si + s,x)U˜(si + s,x)−1 dxds
=R0 +Nt +
∫ t∧τ¯i
0
X¯−1s dK
i,U
si+s(1).
Under Qi, N is a continuous (Fsi+t)-local martingale, and the last term in
(5.24) is nondecreasing. It follows from this and R ∈ [0,1] that
R is an (Fsi+t)-submartingale under Qi.(5.25)
As R0 =K
i,U
si (1)/ε, integration by parts shows that
Rt =R0 +Nt +
Ki,Usi+(t∧τ¯i)(1)
X¯t
− K
i,U
si (1)
ε
−
∫ t
0
Ki,Usi+s(1)d
(
1
X¯s
)
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(5.26)
=Nt −
∫ t
0
Ki,Usi+s(1)d
(
1
X¯s
)
+
Ki,Usi+(t∧τ¯i)(1)
U¯ isi+(t∧τ¯i)(1)
.
Another application of Itoˆ’s lemma using (5.1) and (5.10) shows that
X¯−1t = ε
−1 −
∫ t
0
X¯−2s dX¯s +
∫ t∧τ¯i
0
X¯−3s d〈M¯ i〉s
= ε−1 −
∫ t
0
X¯−2s dM¯
i,Q
s −
∫ t∧τ¯i
0
X¯−3s d〈M¯ i〉s +
∫ t∧τ¯i
0
X¯−3s d〈M¯ i〉s
= ε−1 −
∫ t
0
X¯−2s dM¯
i,Q
s .
Therefore X¯−1t is a continuous (Fsi+t)-local martingale under Qi and hence
the same is true of NRt =Nt −
∫ t
0 K
i,U
si+s
(1)d( 1
X¯s
). From (5.26) we have
Rt =N
R
t +
Ki,Usi+(t∧τ¯i)(1)
U¯ isi+(t∧τ¯i)(1)
.(5.27)
Recall from (2.8) and (2.2) that
∆Ki,Usi+t(1)≤ ε for all t≥ 0.(5.28)
Assume that (recall β < 3/2)
0< 2δ0 ≤ δ1 ≤ 14(32 − β)≡ δ3.2(γ).(5.29)
These last two inequalities (which give 32 − β − δ1 − 2δ0 > 0) together with
the continuity of U¯ isi+·(1) [recall Proposition 2.1(a)], and the definitions of
θi ≥ vi and Hi ≥ vi imply that
sup
s≤vi∧t
Ki,Usi+s(1)
U¯ isi+s(1)
≤ sup
s≤vi∧t
(s+ ε)(3/2)−2δ0 + ε
(s+ ε)β+δ1
≤ (t+ε)(3/2)−β−2δ0−δ1+ε1−β−δ1 ,
and so from (5.27)
sup
s≤vi∧t
|NRs | ≤ 1 + (t+ ε)(3/2)−β−2δ0−δ1 + ε1−β−δ1 <∞.(5.30)
We now apply the weak L1 inequality to the nonnegative submartingale
R [recall (5.25)] to conclude that (sup∅= 0)
Qi
(
sup
ε2/3≤s≤vi∧t
Rs ≥ 1/2
)
=EQi
[
Qi
(
sup
ε2/3≤s≤vi∧t
Rs ≥ 1
2
∣∣∣Fε2/3)1(vi ∧ t≥ ε2/3)]
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(5.31)
≤ 2EQi [Rvi∧t1(vi ∧ t≥ ε2/3)]1(t≥ ε2/3)
≤ 2EQi
[
R(vi∧t)− +
∆Ki,Usi+(vi∧t)(1)
U¯ isi+(vi∧t)(1)
1(vi ∧ t≥ ε2/3)
]
1(t≥ ε2/3).
By (5.28) and the definition of Hi ≥ vi we have
∆Ki,Usi+(vi∧t)(1)
U¯ isi+(vi∧t)(1)
1(vi ∧ t≥ ε2/3)
≤ ε
(ε+ vi ∧ t)β+δ1 1(vi ∧ t≥ ε
2/3)(5.32)
≤ ε1−(2/3)(β+δ1).
From (5.27) and the definitions of Hi ≥ vi and θi ≥ vi we have
EQi [R(vi∧t)−] = EQi [N
R
vi∧t] +EQi [K
i,U
si+(vi∧t)−(1)/U¯
i
si+(vi∧t)(1)]
≤ EQi [(ε+ (vi ∧ t))(3/2)−β−2δ0−δ1 ](5.33)
≤ (ε+ t)(3/2)−β−2δ0−δ1 ,
where we used (5.30) to see that NRvi∧t is a mean zero martingale and also
applied (5.29) to see the exponent is positive. Inserting (5.32) and (5.33)
into (5.31) and using (5.29), we get for t≤ 1,
Qi
(
sup
ε2/3≤s≤vi∧t
Rs ≥ 1
2
)
≤ [(ε+ t)(3/2)−β−2δ0−δ1 + ε1−(2/3)(β+δ1)]1(t≥ ε2/3)(5.34)
≤ 23/2t(3/2)−β−2δ1 + t(3/2)−(β+δ1) ≤ 5t(3/2)−β−2δ1 .
Equation (5.29) implies (3/2)− β − 2δ1 ≥ (1/2)((3/2) − β), and so for t≤ 1
we conclude
Qi
(
sup
ε2/3≤s≤vi∧t
Rs ≥ 1
2
)
≤ 5t(1/2)((3/2)−β) .
The above is trivial for t > 1. On {supε2/3≤s≤vi∧tRs < 1/2} we have for all
s ∈ [ε2/3, t∧ vi],
U isi+s(1)≥ 12 U¯ isi+s(1)≥ 12sβ+δ1 ,
and so Bi(t ∧ vi) occurs. The result follows with p3.2 = 12(32 − β) ∈ (0, 14 ]
(as γ ≥ 1/2). 
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6. Propagation speed of the supports and a comparison principle: Proofs
of Lemmas 4.4 and 4.5. If a > 0, 1 > γ ≥ 1/2 and X0 ∈ C+rap, then Theo-
rems 2.5 and 2.6 of Shiga (1994) show the existence of continuous C+rap-valued
solutions to
∂X
∂t
=
1
2
∆X + aXγW˙ ,(6.1)
where as usual W˙ is a space–time white noise on R+ × R. Theorem 1.1 of
Mytnik (1998) then shows the laws {PX0 :X0 ∈ C+rap} of these processes on
C(R+,C
+
rap) are unique.
We start with a quantified version of Theorem 3.5 of Mueller and Perkins
(1992) applied to the particular equation (6.1).
Lemma 6.1. Assume X satisfies (6.1) with X0 = J
x0
ε for x0 ∈ R and
ε ∈ (0,1]. If γ ∈ (1/2,3/4) choose δ = δ(γ) ∈ (0,1/5) sufficiently small so
that β0 = β0(γ) =
2γ−δ
1−δ ∈ (1,3/2) and for N > 1, define
TN = inf
{
t≥ 0 :
∫
X(t, x)δ dx≥N
}
.
If γ = 1/2, set β0 = 1 and TN =∞. For δ0 ∈ (0,1/4], define
ρ= inf{t≥ 0 :S(Xt) 6⊂ [x0 − ε1/2 − t(1/2)−δ0 , x0 + ε1/2 + t(1/2)−δ0 ]}.(6.2)
There is a c6.1 > 0 (depending on γ) so that
P (ρ≤ t∧ TN )≤ c6.1a−1Nβ0−1ε exp(−t−δ0/c6.1) for all ε, t ∈ (0,1].
Proof. Since X is unique in law, the construction in Section 4 of
Mueller and Perkins (1992) allows us to assume the existence of a historical
process Ht, a continuous MF (C)-valued process, associated with X . Here
C is the space of continuous R-valued paths. H will satisfy the martingale
problem (MX0) in Mueller and Perkins (1992), and the relationship with X
is that
Ht({y ∈C :yt ∈B}) =Xt(B) for all t≥ 0 and Borel subsets B of R.(6.3)
Hence the hypotheses of Theorem 3.5 of Mueller and Perkins (1992) are
satisfied with ak ≡ a for all k. If It = [x0−
√
ε− t(1/2)−δ0 , x0+
√
ε+ t(1/2)−δ0 ],
that result implies S(Xt)⊂ It for small enough t a.s., but we need to quantify
this inclusion and so will follow the proof given there, pointing out some
minor changes and simplifications as we go.
If γ = 1/2, X is the density of one-dimensional super-Brownian motion,
and the argument in Mueller and Perkins (1992) and its quantification are
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both much easier. As a result we will assume 3/4> γ > 1/2 in what follows
and leave the simpler case γ = 1/2 for the reader. The fact that ak = a for
all k [i.e., for us a(u) = auγ for all u in the notation of Mueller and Perkins
(1992)], means that in the localization in Mueller and Perkins (1992), the
times {TN} may be chosen to agree with our definition of TN . We will work
with the cruder modulus of continuity, ψ(t) = 12t
(1/2)−δ0 , in place of the more
delicate ch(t) = c(t log+(1/t))1/2 in Mueller and Perkins (1992), leading to
better bounds.
If
Gn,j,k = {y ∈C : |y(k2−n)− y(j2−n)|>ψ((k− j)2−n)},
0≤ j < k; j, k,n ∈ Z+,
and B is a standard one-dimensional Brownian motion, then for k−j ≤ 2n/2,
(3.16) of Mueller and Perkins (1992) becomes
QX0(H(k+1)2−n(Gn,j,k)> 0, TN ≥ (k +1)2−n)
≤ c1Nβ0−1a−12nX0(1)P (|B(k2−n)−B(j2−n)|>ψ((k− j)2−n))2−β0
≤ c2Nβ0−1a−12nε exp(− 1162nδ0) (recall β0 < 3/2).
Now we sum the above bound over 0 ≤ j < k ≤ 2n, k − j ≤ 2n/2, n ≥m
and argue as in the proof of Theorem 3.5 in Mueller and Perkins (1992) to
see that if
ηm = c3N
β0−1a−1ε exp(−2(mδ0/2)−4),
then with probability at least 1− ηm,
Ht(Gn,j,k) = 0 for all 0≤ j < k ≤ 2n, k− j ≤ 2n/2, (k+1)2−n ≤ TN ,
t≥ (k+ 1)2−n, and n≥m.
Rearranging this as in the proof of Theorem 3.5 of Mueller and Perkins
(1992), we have with probability at least 1− ηm,
|y(k2−n)− y(j2−n)| ≤ ψ((k− j)2−n) for all 0≤ j < k, k− j ≤ 2n/2,
(6.4)
(k+1)2−n ≤ t and n≥m for Ht-a.a. y for all t≤ TN ∧ 1.
Next, we can argue as in the last part of the proof of Mueller and Perkins
(1992), which was a slightly modified version of Le´vy’s classical derivation
of the exact Brownian modulus of continuity, to see that (6.4) implies
|y(v)− y(u)| ≤ 2ψ(|v− u|) for all 0≤ u < v ≤ t satisfying |v − u| ≤ 2−m/2
for Ht-a.a. y for all t≤ TN ∧ 1.
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In particular, the above implies that
P (|y(t)− y(0)| ≤ 2ψ(t) Ht-a.a. y for all t≤ 2−m/2 ∧ TN )≥ 1− ηm.
Now Ht(|y(0)−x0|>
√
ε) is a nonnegative martingale starting at 0 by the
martingale problem for H [just as in the proof of Corollary 3.9 in Mueller
and Perkins (1992)] and so is identically 0 for all t a.s. Therefore, the above
and (6.3) imply that
P (ρ < 2−m/2 ∧ TN )≤ ηm.
A simple interpolation argument now gives the required bound. 
Corollary 6.2. Assume X, δ0 and ρ are as in Lemma 6.1. There is
a c6.2 > 0, depending on a, δ0 and γ, so that
P (ρ≤ t)≤ c6.2ε(t ∨ ε) for all t, ε ∈ (0,1].
Proof. We clearly may assume x0 = 0 by translation invariance. By
Lemma 6.1 with N =N0 ≡ 8 and β0, TN0 as in that result, we have
P (ρ≤ t)≤ c6.1a−18β0−1ε exp(−t−δ0/c6.1) + P (t∧ TN0 < ρ≤ t).(6.5)
The result is now immediate if γ = 1/2, so we assume γ ∈ (1/2,3/4). If
δ ∈ (0, 15) is as in Lemma 6.1, Is = [−
√
ε − s(1/2)−δ0 ,√ε + s(1/2)−δ0 ], and
0< t≤ 1, then
P (t ∧ TN0 < ρ≤ t)
≤ P (TN0 < t ∧ ρ)
≤ P
(∫
Is
X(s,x)δ dx > 8 for some s≤ t ∧ ρ
)
(6.6)
≤ P
((∫
X(s,x)dx
)δ
|Is|1−δ > 8 for some s≤ t
)
≤ P
(
sup
s≤t
Xs(1)> λ
)
,
where λ= 81/δ [[2(
√
ε+ t(1/2)−δ0)](1−δ)/δ ]−1. Recall that Xt(1) is a continuous
nonnegative local martingale starting at ε, and so by the weak L1 inequality
and Fatou’s lemma the right-hand side of (6.6) is at most
λ−1E[X0(1)]≤ ε2−1−(2/δ)(
√
ε+ t1/4)(1−δ)/δ (by δ0 ≤ 1/4)
≤ ε[max(t, ε2)](1−δ)/(4δ)
≤ εmax(t, ε) (since δ < 1/5).
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We use the above bound in (6.5) to conclude that
P (ρ≤ t)≤ [c6.1a−18β0−1 exp(−t−δ0/c6.1) + (t ∨ ε)]ε
≤ c6.2(t ∨ ε)ε. 
The next proposition will allow us to extend the above bound to a larger
class of SPDEs. It will be proved at the end of this section.
Proposition 6.3. Let a > 0, 1> γ ≥ 1/2 and Z be a continuous C+rap-
valued solution to the following SPDE:
∂Z
∂t
=
1
2
∆Z + σ(Zs, s,ω)W˙
1,(6.7)
where W˙ 1 is a space time white noise, σ is Borel× previsable, and
σ(y, s,ω)≥ ayγ ∀s, y,P -a.s. ω.
Assume also for each t > 0 we have
sup
s≤t,x∈R
E[Z(s,x)2]<∞.(6.8)
Let X be a continuous C+rap-valued solution to the following SPDE, perhaps
on a different space,
∂X
∂t
=
1
2
∆X + aXγW˙ ,(6.9)
with Z(0, ·) =X(0, ·) ∈C+rap. Let A be a Borel set in R+ ×R. Then
P (supp(Z)∩A=∅)≥ PX0(supp(X) ∩A=∅).
We will apply this result with Z(t, x) = U¯ i(si + t, x). To ensure (6.8) we
will need the following moment bound which will also give Lemma 4.5. It
will be proved in Appendix A.
Lemma 6.4. For any q,T > 0, there exists Cq,T such that
sup
0<ε≤1
E
[
sup
s≤T,x∈R
(U¯(s,x)q + V¯ (s,x)q)
]
≤Cq,T .(6.10)
The proof of the above lemma is based on a simple adaptation of the
methods used for the proof of Proposition 1.8(a) of Mytnik, Perkins and
Sturm (2006), and in particular Lemma A.3 of that paper.
Proof of Lemma 4.5. This result with δ4.5(t) = C1/2,2t
ε0/2 is an im-
mediate corollary of Markov’s lemma and the above lemma with q = 1/2.

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Proof of Lemma 4.4. We first fix 1≤ i≤Nε and argue conditionally
on Fsi . Note that the inequalities in (5.3) hold pointwise, that is, without in-
tegrating over space. These inequalities together with (2.6), Lemma 6.4 and
Proposition 2.1 show the hypotheses of Proposition 6.3 hold with Z(t, x) =
U¯ i(si + t, x), Z0 = J
xi
ε and a= 2
1/2−γ . We apply this result to the open set
A=At = {(s, y) : |y− xi|> ε1/2 + s(1/2)−δ0 ,0< s< t}
and conclude that if ρ is as in Lemma 6.1, then
P (ρi < t) = PJxiε (supp(Z)∩A 6=∅)≤ P (ρ < t).
Corollary 6.2 now shows there is a c4.4 = c4.4(γ, δ0) so that for ε, t ∈ (0,1],
P (ρi ≤ t)≤ c4.4ε(t ∨ ε).
It follows that for p, ε, t ∈ (0,1],
P
(
pNε⋃
i=1
{ρi ≤ t}
)
≤
⌊pNε⌋∑
i=1
P (ρi ≤ t)≤ c4.4⌊pNε⌋ε(t ∨ ε)≤ c4.4p(t∨ ε)1(p≥ ε).
This finishes the proof of Lemma 4.4. 
We next turn to the proof of Proposition 6.3. Recall from the discussion
at the beginning of this section that for each X0 ∈ C+rap there is a unique
law PX0 on C(R+,C
+
rap) of the solution to (6.9). We assume the hypotheses
of Proposition 6.3 for the rest of this section.
Lemma 6.5. Let γ ∈ [1/2,1). For any nonnegative φ ∈ L1(R), and t, s≥
0, there exists a sequence of MF (R)-valued processes {Y n}n≥0 such that
Y n0 (dx) = φ(x)dx and
E[e−〈φ,Zt〉|FZs ]≥ E[e−〈φ,Xt−s〉|X0 = Zs](6.11)
= lim
n→∞E
Y n
φ [e
−〈Y nt−s,Zs〉],(6.12)
where P Y
n
φ is the probability law of Y
n.
Proof. We may assume without loss of generality that a= 1, as only
trivial adjustments are needed to the handle general a > 0. First we will
prove the lemma for γ > 1/2 and then explain the modifications for the
γ = 1/2 case. For γ ∈ (1/2,1), (6.12) follows from Proposition 2.3 of Mytnik
(1998). To simplify the exposition let us take s= 0. For s > 0 the proof goes
along the same lines as it depends only on the martingale properties of Z.
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By the proof of Lemma 3.3 in Mytnik (1998) we get that for each n there
exists a stopping time γ˜k(t)≤ t and an MF (R)-valued process Y n such that,
for η = 2γ(2γ−1)Γ(2−2γ) , and
g(u, y) =
∫ u
0
(e−λy − 1 + λy)λ−2γ−1 dλ, u, y ≥ 0,
we have
E[e
−〈Y n
γ˜k(t)
,Zt−γ˜k(t)〉|Y n0 = φ]
=Eφ[e
−〈φ,Zt〉]
− 1
2
E
[∫ γ˜k(t)
0
e−〈Y
n
s ,Zt−s〉
{
η
∫
R
(Y ns (x))
2g(1/n,Zt−s(x))dx
(6.13)
+ 〈σ(Zt−s)2 − (Zt−s)2γ , (Y ns )2〉
}
ds
]
≤Eφ[e−〈φ,Zt〉]
− 1
2
E
[∫ γ˜k(t)
0
e−〈Y
n
s ,Zt−s〉η
∫
R
(Y ns (x))
2g(1/n,Zt−s(x))dxds
]
.
If k = kn = ln(n), we can easily get [as in the proof of Lemma 3.4 of Mytnik
(1998)] that
E
[∫ γ˜kn (t)
0
e−〈Y
n
s ,Zt−s〉η
∫
R
(Y ns (x))
2g(1/n,Zt−s(x))dxds
]
≤C sup
x,s≤t
E[Zs(x)
2]knn
2γ−2(6.14)
→ 0 as n→∞.
Here we used (6.8) in the last line. Moreover, as is shown in the proof of
Lemma 3.5 of Mytnik (1998), we have
P (γ˜kn(t)< t)→ 0 as n→∞,
or equivalently,
P (γ˜kn(t) = t)→ 1 as n→∞.
Hence we get from (6.13), (6.14) and the above
lim
n→∞E[e
−〈Y nt ,Z0〉|Y n0 = φ]
= lim
n→∞E[e
−〈Y n
γ˜kn
(t)
,Zt−γ˜kn (t)
〉|Y n0 = φ]
≤E[e−〈φ,Zt〉] ∀t≥ 0.
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But by Lemma 3.5 of Mytnik (1998) we have
lim
n→∞E[e
−〈Y nt ,Z0〉|Y n0 = φ] =E[e−〈φ,Xt〉] ∀t≥ 0(6.15)
and we are done for γ ∈ (1/2,1).
The case γ = 1/2 is even easier. Now X is just a super-Brownian motion.
Now take Y n = Y for all n, where Y is a solution to the log-Laplace equation
∂Yt
∂t
=
1
2
∆Yt − 1
2
(Yt)
2,
so that (6.15) is the standard exponential duality for super-Brownian mo-
tion. Then (6.13) follows with γ˜k(t) = t, and η = 0, and so the result follows
immediately for γ = 1/2. 
Lemma 6.6. For any k ≥ 1 and 0≤ t1 < t2 < · · ·< tk and φ1, . . . , φk ≥ 0,
E[e−
∑k
i=1〈φi,Zti〉]≥E[e−
∑k
i=1〈φi,Xti〉].(6.16)
Proof. The proof goes by induction. For k = 1 it follows from the pre-
vious lemma. Suppose the equality holds for k− 1. Let us check it for k:
E[e−
∑k
i=1〈φi,Zti〉]
=E[e−
∑k−1
i=1 〈φi,Zti〉E[e−〈φk ,Ztk〉|FZtk−1 ]]
≥E
[
e−
∑k−1
i=1 〈φi,Zti〉 lim
n→∞E
Y n
φk
[e
−〈Y ntk−tk−1 ,Ztk−1〉]
]
(6.17)
= lim
n→∞E
Y n
φk
×EZ [e−
∑k−2
i=1 〈φi,Zti〉−〈φk−1+Y ntk−tk−1 ,Ztk−1〉]
≥ lim
n→∞E
Y n
φk
×EX [e−
∑k−2
i=1 〈φi,Xti〉−〈φk−1+Y ntk−tk−1 ,Xtk−1〉],
where the inequality in (6.17) follows by Lemma 6.5, and the last inequality
follows by the induction hypothesis. Now, for γ ∈ (1/2,1), we use condition-
ing and Proposition 2.3 in Mytnik (1998) to get
lim
n→∞E
Y n
φk
×EX [e−
∑k−2
i=1 〈φi,Xti〉−〈φk−1+Y ntk−tk−1 ,Xtk−1〉]
=E
[
e−
∑k−1
i=1 〈φi,Xti〉 lim
n→∞E
Y n
φk
[e
−〈Y ntk−tk−1 ,Xtk−1〉]
]
(6.18)
=E[e−
∑k
i=1〈φi,Xti〉],
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and we are done for γ ∈ (1/2,1). For γ = 1/2, (6.18) follows immediately
again by conditioning, and the fact that Y = Y n is a solution to the log-
Laplace equation for super-Brownian motion. 
Lemma 6.7. For any nonnegative and Borel measurable function ψ on
R+ ×R
E[e−
∫ t
0
∫
R
ψ(s,x)Z(s,x)dxds]≥E[e−
∫ t
0
∫
R
ψ(s,x)X(s,x)dxds] ∀t≥ 0.(6.19)
Before starting the proof, we recall the following definition.
Definition 6.8. We say that a sequence ψn(x) of functions converges
bounded-pointwise to ψ(x) provided limn→∞ψn(x) = ψ(x) for all x, and
there exists a constant K <∞ such that supn,x |ψn(x)| ≤K.
Proof of Lemma 6.7. First suppose that ψ ∈C+(R+×R) is bounded.
Then let us choose an approximating sequence of bounded functions φn1 , . . . ,
φnkn ∈C+(R+) such that
kn∑
i=1
〈φi, fti〉→
∫ t
0
∫
R
ψ(s,x)f(s,x)dsdx ∀t≥ 0
for any f ∈ D(R+,C+(R)). In this way for bounded ψ ∈ C+(R+ × R) the
result follows immediately from Lemma 6.6. Now pass to the bounded-
pointwise closure of this class of ψ’s, that is the smallest class containing
the above continuous ψ’s which is closed under bounded-pointwise limits.
Finally take monotone increasing limits to complete the proof. 
Proof of Proposition 6.3. Take
ψn(s,x) = n1A(s,x).
Then by Lemma 6.7 we have
E[e−nZ(A)]≥E[e−nX(A)],
where Z(A)≡ ∫AZ(s,x)dxds and X(A)≡ ∫AX(s,x)dxds. Take n→∞ on
both sides to get
P (Z(A) = 0)≥ P (X(A) = 0).(6.20)
The required result follows immediately for A open because then
{supp(Z)∩A=∅}= {Z(A) = 0}.
It then follows for compact A because
{supp(X) ∩A=∅}=
⋃
n
{supp(X) ∩A1/n =∅},
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where A1/n is the open set of points distance less than 1/n of A. The general
result now follows by the inner regularity of the Choquet capacity A→
P (supp(Z)∩A 6=∅); see page 39 of Meyer (1966). 
7. Bounds on the killing measure: Proof of Lemma 4.3. Let
G(U¯ i) = {(t, x) : U¯ i(t, x)> 0}
be the closed graph of U¯ i, and let
ΓUi (t) = Γ
U
i (t, δ0) = {(s,x) : si ≤ s≤ si + t, |x− xi| ≤ (s− si)(1/2)−δ0 + ε1/2},
and let ΓVj (t) be the corresponding set for V with (tj , yj) in place of (si, xi).
It is easy to check, using the definition of ρi, that
G(U¯ i)∩ ([si, si+ ρi]×R)⊂ ΓUi (ρi).(7.1)
Of course an analogous inclusion holds for V¯ j . If K ′(·) is a nondecreas-
ing right-continuous MF (R)-valued process, we let S(K
′) denote the closed
support of the associated random measure on space–time, K ′(ds, dx).
Lemma 7.1. S(Ki,U ) ⊂ G(U¯ i) and S(Kj,V ) ⊂ G(V¯ j) for all i, j ∈ Nε,
P -a.s.
Proof. It is easy to see from (2.1) that S(Ki,U )⊂ [si,∞)×R. Let O be
a bounded open rectangle in ((si,∞)×R)∩G(U¯ i)c whose corners have ra-
tional coordinates, and choose a smooth nonnegative function φ on R so that
O = (r1, r2)× {φ > 0}. Then U¯ ir(φ) = 0 for all r ∈ (r1, r2) and hence for all
r ∈ [r1, r2] a.s. by continuity. It then follows from (2.1) and U i ≤ U¯ i that a.s.
0 =U ir2(φ)−U ir1(φ) =−(Ki,Ur2 (φ)−Ki,Ur1 (φ)).
Therefore Ki,U(O) = 0. Taking unions over such open “rational” rectangles,
we conclude that
Ki,U(G(U¯ i)c ∩ ((si,∞)×R)) = 0 a.s.
On the other hand, from (2.6),
Ki,U(G(U¯ i)c ∩ ({si} ×R))≤Ki,U({si} × [xi −
√
ε,xi+
√
ε]c)
= 0.
In the last line we used (2.1) (recall from Section 2 this implies U is = 0
for s < si) to see that K
i,U
si (·) ≤ 〈Jxi , ·〉. The last two displays imply that
Ki,U (G(U¯ i)c) = 0 and hence the result for Ki,U . The proof for Kj,V is the
same. 
Next we need a bound on the extinction times of nonnegative martingales
which is a slight generalization of Lemma 3.4 of Mueller and Perkins (1992).
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Lemma 7.2. Assume γ′ = γ′′ = 12 or (γ
′, γ′′) ∈ (1/2,1) × [1/2,1]. Let
M ≥ 0 be a continuous (Ht)-local martingale and T be an (Ht)-stopping
time so that for some δ ≥ 0 and c0 > 0,
d〈M〉t
dt
≥ c01(t < T )M2γ
′
t (t+ δ)
(1/2)−γ′′ for t > 0.(7.2)
If τM(0) = inf{t≥ 0 :Mt = 0}, then there is a c7.2(γ′)> 0 such that
P (T ∧ τM (0)≥ t|H0)≤ c7.2(γ′)c−10 M2−2γ
′
0 t
γ′′−(3/2) for all t≥ δ/2.
Proof. If γ′ = γ′′ = 12 , the lemma follows from a slight extension of the
proof of Lemma 5.1, so assume γ′ ∈ (1/2,1). Let V = T ∧ τM (0). As usual
there is a Brownian motion B(t) such that M(t) =B(〈M〉t) for t≤ V . By
(7.2) we have∫ V
0
c0(t+ δ)
(1/2)−γ′′ dt≤
∫ V
0
M−2γ
′
t d〈M〉t
≤
∫ 〈M〉V
0
B−2γ
′
u du≤
∫ τB(0)
0
B−2γ
′
u du.
If Lxt , x ∈ R, t ≥ 0 is the semimartingale local time of B, the Ray–Knight
theorem [see Theorem VI.52.1 in Rogers and Williams (1987)] and the oc-
cupation time formula implies that the above gives
E[(V + δ)(3/2)−γ
′′ − δ(3/2)−γ′′ |H0]
≤ ((3/2)− γ′′)c−10
∫ ∞
0
x−2γ
′
E(LxτB(0)|B0)dx
(7.3)
= ((3/2)− γ′′)c−10
∫ ∞
0
x−2γ
′
2(M0 ∧ x)dx
≤ c1(γ′)c−10 M2−2γ
′
0 (use γ
′ > 1/2).
A bit of calculus shows that
(t+ δ)(3/2)−γ
′′ − δ(3/2)−γ′′ ≥ 12(
√
3−
√
2)t(3/2)−γ
′′
for all t≥ δ/2.(7.4)
Therefore by (7.3) and (7.4), for t≥ δ/2,
P (V ≥ t|H0)≤ E[(V + δ)
(3/2)−γ′′ − δ(3/2)−γ′′ |H0]
(t+ δ)(3/2)−γ′′ − δ(3/2)−γ′′
≤ 2c1(γ
′)c−10 M
2−2γ′
0
(
√
3−√2)t(3/2)−γ′′
≡ c7.2c−10 M2−2γ
′
0 t
γ′′−(3/2). 
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Define ρVj = ρ
V,δ0,ε
j just as ρi but with V¯
j
tj+t
in place of U¯ isi+t and yj in
place of xi.
Lemma 7.3. Qi(
⋃pNε
j=1{ρVj ≤ t})≤ c4.4(t∨ε)p1(p≥ ε) for all ε, p, t ∈ (0,1]
and i ∈Nε.
Proof. All the P -local martingales and P -white noises arising in the
definition of {V¯ j , j ∈Nε} remain such under Qi because they are all orthog-
onal to
dQi
dP
∣∣∣
Ft
= 1(t < si) + 1(t≥ si)
U¯ it∧(si+τ¯i)(1)
ε
.
The proof of Lemma 4.4 for {ρi} under P therefore applies to {ρVj } underQi.

Recall we are trying to show that the killing measure Ki,Ut associated
with the i cluster of U grows slowly enough for small t. We will control
the amount of killing here by controlling the amount of killing by the V j ’s.
The following result essentially shows that with high probability for small
t, there is no killing during [si, si + t] from the V
j ’s which are born before
time si. Note it is particularly important that there is no V mass on the
birth site of the U i cluster.
Recall from (4.1) that δ¯ = δ¯(γ) = 13 (
3
2 − 2γ). We introduce
ρV
i
= min
j:tj≤si
ρVj .
Lemma 7.4. There is a constant c7.4(γ)> 0 so that for 0< δ0 ≤ δ¯(γ),
Qi
(
ΓUi (t)∩
{ ⋃
j:tj≤si
G(V¯ j)
}
6=∅, ρV
i
> 2t
)
≤ c7.4(γ)(ε ∨ t)δ¯
for all ε, t ∈ (0,1] and si ≤ t.
Proof. Assume ε, t, si and δ0 are as above. Set α =
1
2 − δ0(≥ 13) and
choose n0 ≤ n1 ∈ Z+ so that
2−n0−1 < t∨ ε≤ 2−n0 , 2−n1−1 < ε≤ 2−n1 .(7.5)
Assume that
ρV
i
> 2t,(7.6)
until otherwise indicated. Suppose tj ≤ si (hence tj < si) and
(tj , yj) /∈ [0, si)× [xi − 7 · 2−n0α, xi +7 · 2−n0α].
NONUNIQUENESS FOR A PARABOLIC SPDE 41
Then
|yj − xi|> 7 · 2−n0α ≥ 7(t ∨ ε)α ≥ tα + (t+ si− tj)α +2
√
ε,
and so
ΓUi (t)∩ ΓVj (si + t− tj) =∅.
By (7.6) we have ρVj > si − tj + t, and so by (7.1), or more precisely its
analogue for V¯ j , we have
ΓUi (t)∩G(V¯ j)⊂ ΓUi (t)∩ ΓVj (si + t− tj) =∅.(7.7)
We therefore have shown that, assuming (7.6),
{(tj, yj) : tj ≤ si,ΓUi (t)∩G(V¯ j) 6=∅}
(7.8)
⊂ [0, si)× [xi − 7 · 2−n0α, xi +7 · 2−n0α].
Next we cover the rectangle on the right-hand side of the above by rect-
angles as follows:
R0n = [si− 2−n+1, si− 2−n]× [xi − 7 · 2−nα, xi+ 7 · 2−nα],
Rrn = [si− 2−n, si]× [xi +7 · 2−(n+1)α, xi +7 · 2−nα],
Rℓn = [si− 2−n, si]× [xi − 7 · 2−nα, xi − 7 · 2−(n+1)α].
Then it is easy to check that
∞⋃
n=n0
(R0n ∪Rrn ∪Rℓn)
(7.9)
⊃ [si− 2−n0+1, si)× [xi − 7 · 2−n0α, xi+ 7 · 2−n0α]
⊃ [0, si)× [xi− 7 · 2−n0α, xi +7 · 2n0α].(7.10)
We group together those V¯ j ’s which have their initial “seeds” in each of the
above rectangles. That is, for q = 0, ℓ, r consider
V n,q(t, x) =
∑
j
1((tj , yj) ∈Rqn)V j(t, x),
V˜ n,q(t, x) =
∑
j
1((tj , yj) ∈Rqn)V˜ j(t, x),
V¯ n,q(t, x) =
∑
j
1((tj , yj) ∈Rqn)V¯ j(t, x).
We also let V n,qt , V˜
n,q
t and V¯
n,q
t denote the corresponding measure-valued
processes.
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It follows from (7.8) and (7.10) that
Qi
( ⋃
tj≤si
(G(V¯ j)∩ ΓUi (t) 6=∅, ρVi > 2t)
)
≤
n1∑
n=n0
∑
q=0,r,ℓ
Qi(G(V¯
n,q)∩ ΓUi (t) 6=∅, ρVi > 2t)(7.11)
+Qi
( ∞⋃
n=n1+1
⋃
q=0,r,l
(G(V¯ n,q)∩ ΓUi (t)) 6=∅
)
.
We will use different arguments to show that each of the two terms on the
right-hand side of (7.11) is small. For the second term a very crude argument
works. Namely, for the supports of the V¯ j clusters with initial “seeds” in⋃∞
n=n1+1
(R0n ∪Rrn∪Rℓn) to intersect the support of U i, the V¯ j clusters must
be born in
⋃∞
n=n1+1
(R0n ∪ Rrn ∪ Rℓn), and the probability of this event is
already small. More precisely,
Qi
( ∞⋃
n=n1+1
⋃
q=0,r,l
(G(V¯ n,q)∩ ΓUi (t)) 6=∅
)
(7.12)
≤Qi
(
η−ε
( ∞⋃
n=n1+1
(R0n ∪Rrn ∪Rℓn)
)
> 0
)
.
By Proposition 5.2 and the decomposition for U¯ i(1) in (2.6) [see also (5.1)],
we have
Qi((xi, yj) ∈A)
(7.13)
=EP
( U¯ isi+[(tj−si)+∧τ¯i](1)
ε
1((xi, yj) ∈A)
)
= P ((xi, yj) ∈A).
This and the analogue of (7.9) with n1 + 1 in place of n0, implies that the
right-hand side of (7.12) is at most
Qi(η
−
ε ([si− 2−n1 , si)× [xi − 7 · 2−(n1+1)α, xi + 7 · 2−(n1+1)α])> 0)
(7.14)
≤ 2(14 · 2−(n1+1)α)≤ 42εα.
Substitute this bound into (7.11) to get
Qi
( ⋃
tj≤si
(G(V¯ j)∪ ΓUi (t)) 6=∅, ρVi > 2t
)
(7.15)
≤
n1∑
n=n0
∑
q=0,r,ℓ
Qi(G(V¯
n,q) ∩ ΓUi (t) 6=∅, ρVi > 2t) + 42εα.
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Now we are going to bound each term in the sum on the right-hand side
of (7.15). To this end, in what follows, we assume that n0 ≤ n≤ n1, and, for
q = 0, r, l, set
Nn,qt =
∑
j
1((tj, yj) ∈Rqn)
×
∫ t
0
∫
R
(
V (s,x)2γ−1V j(s,x)(7.16)
+ (V¯ (s,x)2γ − V (s,x)2γ) V˜
j(s,x)
V˜ (s,x)
)1/2
W¯ j,V (ds, dx).
Note that Nn,q is a continuous local martingale under Qi.
The treatment of the cases q = 0 and q = r, l is different. First, let q =
0. Basically, in this case, we will show that, the on the event {ρV
i
> 2t},
the total mass of V¯ n,0 dies out with high probability before the time si
(and, in fact, even before si− 2−n−1). Hence, with this high probability, the
support of V¯ n,0 does not intersect ΓUi . Let us make this precise. We have
from (2.6)
V¯ n,0
t+(si−2−n)+(1) = V¯
n,0
(si−2−n)+(1) + M¯
n,0
t ,(7.17)
where
V¯ n,0
(si−2−n)+(1) =
∫ ∫
1((s, y) ∈R0n)η−ε (ds, dy) +Nn,0(si−2−n)+
and
M¯n,0t =N
n,0
t+(si−2−n)+ −N
n,0
(si−2−n)+(7.18)
is a continuous Ft+(si−2−n)+ -local martingale under Qi.
Assume for now that si > 2
−n since otherwise V¯ n,0si (1) = 0 and the bound
(7.22) below is trivial. An easy localization argument shows that (recall that
n0 ≤ n≤ n1)
Qi(V¯
n,0
(si−2−n)(1)≥ 2
−n(1+α−δ¯))
≤ 2n(1+α−δ¯)Qi
(∫ ∫
1((s, y) ∈R0n)η−ε (ds, dy)
)
(7.19)
≤ 2n(1+α−δ¯)ε[ε−12−n +1]14 · 2−nα [by (7.13)]
≤ 14(2−nδ¯)(2nε+ 1)≤ 28 · 2−nδ¯.
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Now from (7.16) and (7.18), if t′ ≡ si− 2−n+ t < T ′ ≡minj:tj≤si(ρVj + tj),
then
d
dt
〈M¯n,0〉t
=
∫
V (t′, x)2γ−1V¯ n,0(t′, x) + (V¯ (t′, x)2γ − V (t′, x)2γ) V˜
n,0(t′, x)
V˜ (t′, x)
dx
≥
∫
V n,0(t′, x)2γ + V˜ n,0(t′, x)2γ dx(7.20)
≥ 2−2γ
∫
V¯ n,0(t′, x)2γ1(|x− xi| ≤ 7 · 2−nα + (2−n + t)α +
√
ε)dx
≥ 2−2γ V¯ n,0t′ (1)2γ(2[7 · 2−nα + (2−n + t)α +
√
ε])1−2γ .
In the last line we used Jensen’s inequality and the fact that T ′ > t′ implies
V¯ n,0(t′, ·) is supported in the closed interval with endpoints xi± (7 · 2−nα+
(t+2−n)α+
√
ε). A bit of arithmetic (recall 2−n ≥ ε for n≤ n1) shows that
(7.20) implies for some c(γ)> 0,
d
dt
〈M¯n,0〉t ≥ c(γ)(V¯ n,0t+(si−2−n)(1))
2γ [2−n + t]α(1−2γ)
(7.21)
for t < T ≡
(
minj:tj≤si(ρ
V
j + tj)− (si− 2−n)
)+
.
Note that T is an F(si−2−n)+t-stopping time. Therefore (7.21) allows us to
apply Lemma 7.2 to t→ V¯ n,0
(si−2−n)+t(1)≡Mt with γ′ = γ, γ′′ = γ−δ0(2γ−1)
and δ = 2−n. Here notice that δ0 ≤ 1/6 implies γ′′ ∈ [12 , 34 ] and γ′′ = 1/2 if
γ = 1/2. Therefore, Lemma 7.2, the fact that ρV
i
> 2t implies T > t≥ si >
2−n, and (7.19) imply
Qi(V¯
n,0
si−2−n−1(1)> 0, ρ
V
i
> 2t)
≤Qi(V¯ n,0si−2−n(1)≥ 2
−n(1+α−δ¯))
+EQi [Qi(T ∧ τM (0)≥ 2−n−1|Fsi−2−n)1(V¯ n,0si−2−n(1)< 2
−n(1+α−δ¯))]
≤ 28 · 2−nδ¯ + c7.2(γ)c(γ)−12−n(1+α−δ¯)(2−2γ)2−(n+1)(γ−δ0(2γ−1)−(3/2))(7.22)
≤ c′(γ)(2−nδ¯ +2−n((3/2)−2γ−2(1−γ)δ¯−δ0)) (by the definition of α)
≤ c′(γ)(2−nδ¯ +2−n(3δ¯−2(1−γ)δ¯−δ0)) (by the definition of δ¯)
≤ c0(γ)2−nδ¯ ,
where δ0 ≤ δ¯ and γ ≥ 1/2 are used in the last line.
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Next consider V¯ n,r. The analogue of (7.17) now is
V¯ n,rsi+t(1) = V¯
n,r
si (1) + M¯
n,r
t ,
where
M¯n,rt =N
n,r
si+t
−Nn,rsi .
An argument similar to the derivation of (7.19) shows that
Qi(V¯
n,r
si (1)≥ 2−n(1+α−δ¯))≤ 28 · 2−nδ¯.(7.23)
Next we argue as in (7.20) and (7.21) to see that for si + t < T
′ ≡
minj:tj≤si(ρ
V
j + tj),
d
dt
〈M¯n,r〉t ≥ 2−2γ V¯ n,rsi+t(1)2γ([7 · 2−(n+1)α + (2−n + t)
(1/2)−δ0 +
√
ε]2)1−2γ
≥ c′(γ)(V¯ n,rsi+t(1))
2γ(2−n + t)α(1−2γ),
where we again used n0 ≤ n≤ n1. Now we apply Lemma 7.2 and (7.23), as
in the derivation of (7.22), to conclude that
Qi(V¯
n,r
si+2−n
(1)> 0, ρV
i
> 2t)≤ c1(γ)2−nδ¯ .(7.24)
If V¯ n,r
si+2−n
(1) = 0, then V¯ n,ru (1) = 0 for all u≥ si+2−n, and so if in addition,
ρV
i
> 2t, then by the definition of ρVj ,
G(V¯ n,r)⊂ {(s,x) : si− 2−n ≤ s≤ si +2−n,
7 · 2−(n+1)α − (s− si +2−n)α −
√
ε(7.25)
≤ x− xi ≤ 7 · 2−nα + (s− si+2−n)α +
√
ε}.
A bit of algebra (using our choice of the factor 7 and n0 ≤ n ≤ n1) shows
that
xi +2
−nα +
√
ε < xi + 7 · 2−(n+1)α − (2−n +2−n)α −
√
ε,
and so the set on the right-hand side of (7.25) is disjoint from ΓUi (t). There-
fore by (7.24) we may conclude that
Qi(G(V¯
n,r)∩ ΓUi (t) 6=∅, ρVi > 2t)≤ c1(γ)2
−nδ¯ .(7.26)
Of course the same bound holds for G(V¯ n,ℓ).
Note that V¯ n,0
si−2−n−1(1) = 0 implies V¯
n,0
s (1) = 0 for all s≥ si − 2−n−1 and
so G(V¯ n,0) ∩ ΓUi (t) is empty. Therefore (7.22) and (7.26) show that the
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summation on the right-hand side of (7.15) is at most
n1∑
n=n0
(c0(γ) + 2c1(γ))2
−nδ¯ ≤ c2(γ)(t ∨ ε)δ¯ .
We substitute the above into (7.15) to see that
Qi
( ⋃
tj≤si
(G(V¯ j)∪ ΓUi (t)) 6=∅, ρVi > 2t
)
≤ 42εα + c2(γ)(t ∨ ε)δ¯ ≤ c7.4(γ)(t ∨ ε)δ¯.
In the last line we used δ¯ ≤ 1/6< 1/4≤ α. 
Proof of Lemma 4.3. Fix 0 < δ0 ≤ δ¯, t ∈ (0,1] and assume si, s ≤ t.
By (7.1) and Lemma 7.1 on {ρi > s} we have
Ki,Usi+s(1) =K
i,U(ΓUi (s))≤
∑
j
Kj,V (ΓUi (s)),
where (2.2) is used in the last inequality. Next use S(Kj,V ) ⊂ G(V¯ j) (by
Lemma 7.1) and S(Kj,V )⊂ [tj ,∞)×R to conclude that on
{ρi > s} ∩
{( ⋃
tj≤si
G(V¯ j)
)
∩ ΓUi (t) =∅
}
≡ {ρi > s} ∩Di(t),
we have
Ki,Usi+s(1)≤
∑
j
1(si < tj ≤ si + s)Kj,V (ΓUi (s)).(7.27)
Another application of (7.1) and Lemma 7.1, this time to V¯ j , shows that
for tj > si,
S(Kj,V )∩ ([0, si + s]×R)⊂ ΓVj (si + s− tj) on {ρVj > s}.(7.28)
An elementary calculation shows that
ΓUi (s)∩ ΓVj (si + s− tj) =∅
(7.29)
for si < tj ≤ si + s and |yj − xi|> 2(
√
ε+ s(1/2)−δ0).
If Fi(t) =
⋂
j:tj≤si+t{ρVj > 2t}, then use (7.28) and (7.29) in (7.27) to see
that on Di(t)∩Fi(t), for s < t ∧ ρi,
Ki,Usi+s(1)
≤
∑
j
1(si < tj ≤ si+ s, |yj − xi| ≤ 2(
√
ε+ s(1/2)−δ0))Kj,Vsi+s(1)(7.30)
≡ Li(s).
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Note that Li is a nondecreasing process. If we sum the second equation in
(2.1) over j satisfying si < tj ≤ si+s, |yj−xi| ≤ 2(
√
ε+s(1/2)δ0), and denote
this summation by
∑(i)
j , then
Li(s)≤
(i)∑
j
Kj,Vsi+s(1) + V
j
si+s
(1)
=
∫ ∫
1(si < t
′ ≤ si + s, |y′ − xi| ≤ 2(
√
ε+ s(1/2)−δ0))η−ε (dt
′, dy′)(7.31)
+
(i)∑
j
∫ si+s
0
∫
R
V (s′, x)γ−(1/2)V j(s′, x)1/2W j,V (ds′, dx).
Now take means in (7.31), use (7.13) and use a standard localization argu-
ment to handle the Qi martingale term, to conclude that
EQi(L
i(s))
≤EQi
(∫ ∫
1(si < t
′ ≤ si + s, |y′ − xi| ≤ 2(
√
ε+ s(1/2)−δ0))η−ε (dt
′, dy′)
)
=
∑
j
1(si < jε≤ si + s)ε
×
∫ 1
0
∫ 1
0
∫ yj+√ε
yj−
√
ε
J((yj − y′)ε−1/2)ε−1/2
× 1(|y′ − xi| ≤ (2
√
ε+2s(1/2)−δ0))dy′ dyj dxi
≤
∑
j
1(si < jε≤ si + s)ε
∫ 1
0
∫ 1
0
1(|yj − xi| ≤ (3
√
ε+ 2s(1/2)−δ0))dyj dxi
≤ 2(3√ε+2s(1/2)−δ0)
(∑
j
1(si < jε≤ si + s)ε
)
≤ 6(√ε+ s(1/2)−δ0)(s+ ε)≤ 12(s+ ε)(3/2)−δ0 .
We take s= 2−n in the above, use Markov’s inequality, and sum over n to
conclude that for some c(δ0)> 0 independent of ε,
Qi
(
Li(2−n)≤
(
2−n−1 + ε
2
)(3/2)−2δ0
for N ≤ n≤ log2(1/ε)
)
≥ 1−c(δ0)2−Nδ0 .
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Recall that Li(·) is nondecreasing and consider s ∈ [2−n−1,2−n] to see that
above implies that for 2−N ≥ ε,
Qi(L
i(s)≤ (s+ ε)(3/2)−2δ0 for all s ∈ [0,2−N ])≥ 1− c(δ0)2−Nδ0 .
An easy interpolation argument in N now shows that for some c0(δ0), inde-
pendent of ε,
Qi(L
i(s)≤ (s+ ε)(3/2)−2δ0 for 0≤ s≤ u)≥ 1− c0(δ0)(u∨ ε)δ0
(7.32)
∀u≥ 0.
Apply (7.32) in (7.30) and conclude
Qi(θi < ρi ∧ t)≤Qi(Ki,Usi+s(1)> (s+ ε)(3/2)−2δ0 ∃s < ρi ∧ t)
≤Qi(Fi(t)c) +Qi(Di(t)c ∩Fi(t))
+Qi(L
i(s)> (s+ ε) ∃s < ρi ∧ t)(7.33)
≤Qi
( ⋃
j≤(2t/ε)∧Nε
{ρVj ≤ 2t}
)
+Qi(Di(t)
c ∩ {ρV
i
> 2t})
+ c0(δ0)(t ∨ ε)δ0 .
Recall from Section 1 that Nε = ⌊ε−1⌋. The second term is at most c7.4(ε∨t)δ¯
by Lemma 7.4, and by Lemma 7.3, if 4t≤ 1 and ε≤ 1/2, the first term is at
most
Qi
( ⋃
j≤4tNε
{ρVj ≤ 2t}
)
≤ 8c4.4(t ∨ ε)t≤ 8c4.4(t ∨ ε).
If 4t > 1 or ε > 1/2, the above bound is trivial as c4.4 ≥ 1. We conclude
from (7.33) that
Qi(θi < ρi ∧ t)≤ 8c4.4(t ∨ ε) + c7.4(ε∨ t)δ¯ + c0(δ0)(t ∨ ε)δ0 .
The result follows because δ0 ≤ δ¯ ≤ 1. 
APPENDIX A: MOMENT BOUNDS, TIGHTNESS AND PROOF OF
PROPOSITION 2.2
We start with a moment bound obtained by a modification of the proof
of Lemma 4.2 in Mueller and Perkins (1992). Let p(t, x) = pt(x) denote that
Gaussian kernel, that is,
pt(x) =
1√
2πt
e−x
2/(2t), t > 0, x ∈R.(A.1)
Let St denote the corresponding semigroup, so Stf = pt ∗ f for appropriate
functions f .
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Lemma A.1. For any q ≥ 1 and λ,T > 0 there is a CT,λ,q such that for
all ε ∈ (0,1]:
(a) supt≤T
∫
eλ|x|E(U¯(t, x)q + V¯ (t, x)q)dx≤CT,λ,q,
(b) supt≤T,x∈R eλ|x|E(U¯ (t, x)q + V¯ (t, x)q)≤CT,λ,q.
Remark A.2. Lemma A.1 and Theorem 1.1 of Mytnik (1998) easily
imply uniqueness in law of each of U¯ and V¯ separately for a pair (U¯ , V¯ )
solving (2.7). To show the uniqueness in law for the pair (U¯ , V¯ ), one should
follow the proof of Theorem 1.1 of Mytnik (1998) and derive the counterpart
of Proposition 2.3 from Mytnik (1998), which is the main ingredient of the
proof. More specifically, suppose t ∈ [si, ti) for some i ∈ Nε. Following the
argument from Mytnik (1998), for any nonnegative φ1, φ2 ∈ L1(R), one can
easily construct a sequence of MF (R)
2-valued processes {(Y 1,n, Y 2,n)}n≥0
such that {Y 1,n}n≥1 and {Y 2,n}n≥1 are independent, and for any (U¯ , V¯ )
solving (2.7) we have
E[e−〈φ1,U¯t〉+〈φ2,V¯t〉]
(A.2)
= lim
n→∞E[e
−〈Y 1,nt−si ,U¯si〉+〈Y
2,n
t−si
,V¯si〉|Y 1,n0 = φ1, Y 2,n0 = φ2].
A similar expression can be derived for t ∈ [ti, si+1), i ∈Nε, and then unique-
ness in law for the pair (U¯ , V¯ ) follows by standard argument: see again Myt-
nik (1998) where the single process without immigration is treated.
Proof of Lemma A.1. It suffices to consider U¯ . We let C denote a
constant which may depend on q, λ and T , and which may change from line
to line. Note that equation (2.7) for U¯ can be rewritten in the so-called mild
form [see Theorem 2.1 of Shiga (1994)]
U¯t(x) =
∫ t
0
∫
R
pt−s(x− y)η+ε (ds, dy)
(A.3)
+
∫ t
0
∫
R
pt−s(x− y)U¯(s, y)γW¯U (ds, dy), t≥ 0, x ∈R.
Let N(t, x) denote the stochastic integral term in the above. The first term
on the right-hand side of (A.3) can be rewritten as
I1(t, x) = I1,ε(t, x) =
∑
si∈Goddε ,si≤t
∫
R
pt−si(x− y)Jxiε (y)dy(A.4)
(the meaning of the above if t= si some i is obvious). Recall that xi ∈ [0,1]
and so y in the above integral may be restricted to |y| ≤ 2. Therefore for
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si ≤ t≤ T ,
eλ|x|pt−si(x− y)≤Cp2(t−si)(x− y).(A.5)
It follows that
sup
t≤T,x∈R
eλ|x|I1(t, x)
≤
∑
si≤t−2ε
C(t− si)−1/2ε
+
∑
t−2ε<si<t
√
ε
∫
R
p2(t−si)(x− y)dy+ 1(si = t)eλ|x|Jxiε (x)(A.6)
≤C
[∫ t
0
(t− s)−1/2 ds+ ε1/2
]
≤C,
uniformly on ε ∈ (0,1]. By (A.3) and (A.6) we have for t≤ T and all x,
E(U¯(t, x)q)≤C[E(I1(t, x)q) +E(|N(t, x)|q)]
(A.7)
≤C[e−λ|x| +E(|N(t, x)|q)].
For q ≥ 1 and λ, t > 0 let
ν(q,λ, t) = sup
0≤s≤t
∫
eλ|x|E[U¯(s,x)q]dx,
and note that ν implicitly depends on ε. Using the Burkholder–Davis–Gundy
inequality and Jensen’s inequality, we get for q ≥ 2,
E[|N(t, x)|q]
≤CE
[(∫ t
0
∫
pt−s(x− y)2U¯(s, y)2γ dy ds
)q/2]
(A.8)
≤CE
[∫ t
0
∫
pt−s(x− y)2U¯(s, y)γq dy ds
]
×
(∫ t
0
∫
pt−s(x− y)2 dy ds
)(q/2)−1
≤Ct(q−2)/4E
[∫ t
0
∫
pt−s(x− y)2[U¯(s, y)q/2 + U¯(s, y)q]dy ds
]
.
The final inequality follows because pt−s(x−y)2 ≤ (t−s)−1/2pt−s(x−y) and
aγq ≤ aq/2 + aq. A short calculation using the above bound, just as in the
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bottom display on page 349 of Mueller and Perkins (1992) shows that
ν(q,λ, t)≤ C
[
1 + sup
s≤t
∫
eλ|x|E(|N(t, x)|q)dx
]
[by (A.7) with 2λ in place of λ]
≤ C +C
∫ t
0
(t− s)−1/2[ν(q/2, λ, s) + ν(q,λ, s)]ds
≤ C
[
1 + ν(q/2, λ, t) +
∫ t
0
(t− s)−1/2ν(q,λ, s)ds
]
.
A generalized Gronwall inequality [e.g., see Lemma 4.1 of Mueller and
Perkins (1992)] shows that the above implies that for q ≥ 2,
ν(q,λ, t)≤ (1 + ν(q/2, λ, t)) exp(4Ct1/2) for all t≤ T.(A.9)
The obvious induction on q = 2n will now give (a) providing we can show
ν(1, λ, T )≤C.(A.10)
It follows from (A.3) and an argument using localization and Fubini’s theo-
rem that
sup
t≤T
sup
x
eλ|x|E[U¯(t, x)]≤ sup
t≤T
sup
x
eλ|x|E[I1(t, x)]≤C,
the last inequality by (A.6). By optimizing over λ we get (A.10). There-
fore we have proved Lemma A.1 part (a) except for one detail. To use
Lemma 4.1 in Mueller and Perkins (1992) to derive (A.9) we need to know
that ν(q,λ,T )<∞ (the bound can now depend on ε). To handle this issue
one can localize just as in Mueller and Perkins (1992) using the facts that
t→ U¯t is in D(R+,C+rap), and (from Proposition 2.1 and U¯ =
∑
i U¯
i) that
the jumps of U¯ occur at {si} with the ith jump equaling Jxi ≤
√
ε.
Turning to Lemma A.1 part (b), it suffices to consider q > 2. By (A.3),
(A.6) and the first line of (A.8) for t ≤ T , p = q/(q − 2) and p′ = q/2, we
have by Ho¨lder’s inequality
sup
x
eλ|x|E[U¯(t, x)q]
≤C
(
1 + sup
x
E
[(∫ t
0
∫
[pt−s(x− y)1/pe2λ|x|/q−2λ|y|/q]
× [e2λ|y|/qU¯(s, y)2γ ]pt−s(x− y)2−(1/p) dy ds
)q/2])
≤C
(
1 + sup
x
(∫ t
0
∫
pt−s(x− y)e2λp|x|/q−2λp|y|/q dy(t− s)−1+(1/2p) ds
)q/2p
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×E
[∫ t
0
∫
e2λp
′|y|/qU¯(s, y)2γp
′
dy(t− s)−1+(1/2p) ds
])
≤C
(
1 +
∫ t
0
(t− s)−(q+2)/(2q) dsν(γq,λ, t)
)
≤C.
In the next to last line we have used Lemma 6.2 of Shiga (1994) and in the
last line we have used Lemma A.1 part (a). 
Proof of Lemma 6.4. It suffices to consider U¯ . Let C denote a con-
stant depending on q and T which may change from line to line. We adapt
the proof of Lemma A.3 of Mytnik, Perkins and Sturm (2006) to the white
noise setting and with λ= 0.
By (A.3), (A.6) and the continuity properties of U¯ , we have
E
[
sup
t≤T,x∈R
U¯(t, x)q
]
≤Cq,T
(
1 +E
[
sup
t≤T,x∈Q,t∈Q+
∣∣∣∣∫ t
0
∫
R
pt−s(x− y)U¯(s, y)γW¯U (ds, dy)
∣∣∣∣q]).
To handle the above expectation we carry out the argument in the proof of
Lemma A.3 of Mytnik, Perkins and Sturm (2006) with λ= 0 andW a white
noise. We take a ∈ (0,1/4) and q > 32a in that work. With this choice of q,
the arguments in Lemma A.3 of Mytnik, Perkins and Sturm (2006) then go
through to show that the expectation in the above is at most
C
∫ T
0
∫
E
[∣∣∣∣∫ t
0
∫
(t− s)−apt−s(x− y)U¯(s, y)γ dW¯U (s, y)
∣∣∣∣q]dxdt
≤C
∫ T
0
∫
E
[∣∣∣∣∫ t
0
∫
(t− s)−2apt−s(x− y)2U¯(s, y)2γ dy ds
∣∣∣∣]q/2 dxdt
≤C
∫ T
0
∫ [∫ t
0
∫
(t− s)−2a−(1/2)pt−s(x− y)E(U¯(s, y)qγ)dy ds
]
dxdt
≤C,
by Fubini, Lemma A.1 part (a) and the choice of a. This gives the result for
q > 3/2a and hence for all q > 0. 
We turn next to the proof of Proposition 2.2 which is fairly standard. We
follow the proof in Section 4 of Mueller and Perkins (1992), where a similar
existence proof is given. The main difference is the immigration term in the
present situation.
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By the mild form of (2.10) we have
uε(t, x) =
∑
i
∫
p(t− si, y− x)Jxi(y)1(t≥ si)dy
−
∑
j
∫
p(t− tj, y − x)Jyj (y)1(t≥ tj)dy
(A.11)
+
∫ t
0
∫
p(t− s, y− x)|uε(s, y)|γW (ds, dy)
≡ I1,ε(t, x)− I2,ε(t, x) +Nε(t, x).
Now we give a modified version of Lemma 4.4 of Mueller and Perkins
(1992). The only difference is that Lemma 4.4 of Mueller and Perkins (1992)
deals with C+rap instead of Crap, but the proof carries over with almost no
change.
Lemma A.3. Let {Xn(t, ·) : t ≥ 0, n ∈ N} be a sequence of continuous
Crap-valued processes. Suppose ∃q > 0, γ > 2 and ∀T,λ > 0 ∃C =C(T,λ)> 0
such that
E[|Xn(t, x)−Xn(t′, x′)|q]≤C(|x− x′|γ + |t− t′|γ)e−λ|x|
(A.12)
∀t, t′ ∈ [0, T ], |x− x′| ≤ 1, n ∈N.
If {PXn(0) : n∈N} is tight on Crap, then {PXn :n ∈N} is tight on C(R+,Crap).
We also need Lemma 4.3 of Mueller and Perkins (1992):
Lemma A.4. If T,λ > 0 there is a constant C(T,λ)<∞ such that∫ t
0
∫
(pt−s(y − x)− pt′−s(y − x′))2e−λ|y| dy ds
≤C(T,λ)(|x− x′|+ (t− t′)1/2)e−λ|x|
∀0< t′ < t≤ T, |x− x′| ≤ 1, λ > 0,
where pu(z) is defined to be 0 if u < 0.
Clearly t→ Iℓ,ε(t, ·) is in D(R+,Crap) with jumps only at {si} for ℓ = 1
and at {tj} if ℓ= 2. It is fairly easy to see that for t, x fixed Iℓ,ε(t, x) converges
in probability to
I(t, x) =
∫ t∧1
0
∫ 1
0
p(t− s,x− y)dy ds
by the weak law of large numbers. We need convergence in path space. It is
easy to check that t→ I(t, ·) is in C(R+,Crap).
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Lemma A.5. For ℓ = 1,2, Iℓ,ε converges in probability in D(R+,Crap)
to I as ε ↓ 0.
Proof. The argument is routine if a bit tedious. We sketch the proof
for ℓ= 2 where tj = jε. If δ = ε
3/4, write
I2,ε(t, x) =
∑
tj≤t−δ
ε
∫
[pt−tj (yj − x+
√
εw)− pt−tj (yj − x)]J(w)dw
+
∑
t−δ<tj≤t
St−tjJ
yj
ε (x) +
∑
tj≤t−δ
εpt−tj (yj − x)
= T1,ε + T2,ε + T3,ε.
It is easy to check that for any λ,T > 0,
sup
t≤T,x∈R
eλ|x||T2,ε(t, x)| ≤CT,λδ/
√
ε→ 0
and
sup
t≤T,x∈R
eλ|x||T1,ε(t, x)| ≤CT,λ
√
ε(1 + ln(1/ε))→ 0.
So it suffices to show that T3,ε converges in probability in D(R+,C
+
rap) to I .
We next write
T3,ε(t, x) =
∑
tj≤t−δ
(
εpt−tj (yj − x)− ε
∫ 1
0
pt−tj (y − x)dy
)
+
∑
tj≤t−δ
ε
∫ 1
0
pt−tj (y − x)dy
≡ T4,ε + T5,ε.
T5,ε is a Riemman sum for
∫ t∧1
0
∫ 1
0 pt−s(y−x)dy ds (note that tj ≤ 1, whence
the truncation by 1), and using the t − δ cut-off, the Gaussian tail and
y ∈ [0,1], it is easy to see that for any λ,T > 0,
lim
ε→0
sup
t≤T,x∈R
eλ|x|
∣∣∣∣T5,ε − ∫ t∧1
0
∫ 1
0
pt−s(y − x)dy ds
∣∣∣∣= 0.
Therefore it remains to show that T4,ε→ 0 in probability in D(R+,Crap).
T4,ε is a sum of mean 0 independent random variables, and so one easily
sees that
E(T4,ε(t, x)
2)≤ ε2
∑
tj≤t−δ
p2(t−tj )(0)→ 0 as ε ↓ 0.
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If we could show for any εn ↓ 0,
{T4,εn :n} is C-tight in D(R+,Crap)
the result would follow as the only possible weak limit point is 0 by the
above.
Let pˆt−tj (yj − x) = pt−tj (yj − x)−
∫ 1
0 pt−tj (y − x)dy and
[t− δ]ε =max{jε : jε≤ t− δ, j ∈ Z+}.
To work in the space of continuous Crap-valued paths, we interpolate T4,ε
linearly and define
T˜4,εn(t, x) =
∑
tj≤[t−δn]εn
εpˆt−tj (yj − x)
+ ((t− δn)− [t− δn]εn)pˆt−[t−δn]εn−εn(y1+([t−δn]εn/εn) − x),
so that t→ T˜4,εn(t, ·) ∈ C(R+,Crap). If d is the metric on Crap, then it is
clear that
lim
n→∞ supt≤T
d(T˜4,εn(t), T4,εn(t)) = 0 for all T > 0.
Therefore it remains to show that
{T˜4,εn :n} is tight in C(R+,Crap).(A.13)
This is proved by a straightforward application of Lemma A.3, as we illus-
trate below.
To illustrate the method of the aforementioned proof let us bound the
spatial moments and work with T4,ε, hence dropping the trivial continuity
correction and dependence on n. Assume 0≤ t≤ T , λ > 0 and |x− x′| ≤ 1.
For q ≥ 2 we use a predictable square function inequality of Burkholder [see
Theorem 21.1 of Burkholder (1973)] as follows:
eλ|x|E[|T4,ε(t, x)− T4,ε(t, x′)|q]
≤ eλ|x|cq
[∣∣∣∣ ∑
tj≤[t−δ]ε
ε2E((pˆt−tj (yj − x)− pˆt−tj (yj − x′))2)
∣∣∣∣q/2(A.14)
+
∑
tj≤[t−δ]ε
εqE(|pˆt−tj (yj − x)− pˆt−tj (yj − x′)|)q
]
.
Now for q ≥ 2 and for, say x > x′,
eλ|x|E[|pˆt−tj (yj − x)− pˆt−tj (yj − x′)|q]
≤ ceλ|x|
∫ 1
0
|pt−tj (y− x)− pt−tj (y− x′)|q dy
≤Cλ,T (t− tj)−1/2
∫ 1
0
|pt−tj (y − x)− pt−tj (y− x′)|q−1 dy.
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In the last line we used the bound on |x− x′| and the fact that y ∈ [0,1] to
use the Gaussian tail of (pt−tj (y − x) + pt−tj (y − x′)) to absorb the eλ|x| as
in (A.5). By using the spatial derivative of pt(z) and then carrying out a
change of variables, we may bound the above by
Cλ,T (t− tj)−1/2
∫ 1
0
(t− tj)−(q−1)/2
×
∣∣∣∣∫ 1( y− x√t− tj ≤ z ≤ y − x
′
√
t− tj
)
zp1(z)dz
∣∣∣∣q−1 dy
≤Cλ,T (t− tj)−q+0.5|x− x′|q−1.
We use the above in (A.14) with q = 2 and general q to conclude that
e|x|E[|T4,ε(t, x)− T4,ε(t, x′)|q]
≤Cλ,T
( ∑
tj≤[t−δ]ε
ε2(t− tj)−3/2
)q/2
|x− x′|q/2
+Cλ,T
∑
tj≤[t−δ]ε
εq(t− tj)−q+0.5|x− x′|q−1
≤Cλ,T |x− x′|q/2,
where we used δ = ε3/4, q ≥ 2 and an elementary calculation in the last line.
So taking q > 4 gives the required spatial increment bound in Lemma A.3.
A similar, but slightly more involved, argument verifies the hypotheses
of Lemma A.3 for the time increments. Here when 0≤ t′ − t≤ ε the linear
interpolation term must be used and the cases [t′−δ]ε = [t−δ]ε and [t′−δ]ε =
[t− δ]ε + ε are treated separately. The details are left for the reader. This
establishes (A.13) and so completes the proof. 
Next we apply Lemma A.3 to Xn(t, x) =Nεn(t, x) for any εn ↓ 0 by show-
ing that (A.12) holds for Xn =Nεn .
Lemma A.6. ∃q > 0, γ > 2 and ∀T,λ > 0 ∃C =C(T,λ)> 0 such that
E[|Nε(t, x)−Nε(t′, x′)|q]≤C(|x− x′|γ + |t− t′|γ)e−λ|x|
(A.15)
∀t, t′ ∈ [0, T ], |x− x′| ≤ 1,0< ε < 1.
Proof. Here we follow the proof of Proposition 4.5 of Mueller and
Perkins (1992). Let q ≥ 1, λ > 0, 0 ≤ t′ < t ≤ T and |x − x′| ≤ 1. First,
Jensen’s inequality shows that for nonnegative functions f, g, we have(∫
fg
)q
≤
(∫
f qg
)(∫
g
)q−1
.
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Now using the Burkholder–Davis–Gundy inequality and Jensen’s inequality
and allowing cq to vary from line to line, we find
E[|Nε(t, x)−Nε(t′, x′)|2q]
≤ cqE
[(∫ t
0
∫
(pt−s(y − x)− pt′−s(y− x′))2e−λ|y|
× eλ|y||uε(s, y)|2γ dy ds
)q]
≤ cqE
[∫ t
0
∫
|uε(s, y)|2γqeλ|y|(q−1)(pt−s(y − x)− pt′−s(y− x′))2 dy ds
]
×
(∫ t
0
∫
(pt−s(y − x)− pt′−s(y − x′))2e−λ|y| dy ds
)q−1
≤ cqE
[∫ t
0
∫
|uε(s, y)|8γqe4λ|y|(q−1) dy ds
]1/4
×
(∫ t
0
∫
|pt−s(y − x)− pt′−s(y − x′)|8/3 dy ds
)3/4
×C ′(T,λ, q)(|x− x′|q−1 + |t− t′|(q−1)/2)e−λ(q−1)|x|
(Ho¨lder’s inequality and Lemma A.4)
≤C ′(T,λ, q)(|x− x′|q−1 + |t− t′|(q−1)/2)e−λ(q−1)|x|
by Lemma A.1(a) (recall that |uε|= |Uε− Vε| ≤ U¯ε+ V¯ε) and an elementary
calculation. The result follows. 
Proof of Proposition 2.2. Recall that εn =
1
n . Lemma A.6 allows
us to conclude that Nεn(t, x) is tight in C(R+,Crap) as n→∞. Hence by
Lemma A.5 and (A.11), {uεn} is C-tight in D(R+,Crap).
It remains to show that any limit point satisfies equation (1.6) (it will
then necessarily be a Crap-valued solution). Recall from (2.10) we have
〈uε(t), φ〉=
∑
i
1(si ≤ t)〈Jxiε , φ〉 −
∑
j
1(tj ≤ t)〈Jyjε , φ〉
(A.16)
+
∫ t
0
1
2
〈uε(s),∆φ〉ds+
∫ t
0
∫
|uε(s,x)|γφ(x)W (ds, dx)
for φ ∈C∞c .
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If φ ∈Cc(R), then a simple calculation using the strong law of large num-
bers shows that with probability 1,
lim
n→∞
∑
i
1(si ≤ t)〈Jxiεn , φ〉= (t ∧ 1)
∫ 1
0
φ(x)dx,
(A.17)
lim
n→∞
∑
j
1(tj ≤ t)〈Jyjεn , φ〉= (t ∧ 1)
∫ 1
0
φ(x)dx.
It is easy to interpolate in t and conclude that the above convergence is
uniform in t with probability 1. By considering a countable dense set of φ
in Cc(R), we may conclude that with probability 1 for all φ ∈ Cc(R) the
convergence in (A.17) holds uniformly in t.
Choose a subsequence {nk} so that uεnk converges weakly to u in D(R+,
Crap) where u has continuous paths. To ease eye strain, we write uk for
uεnk . By Skorokhod’s theorem we may change spaces so that (recall conver-
gence in cadlag space D to a continuous path means uniform convergence
on compacts)
lim
k→∞
sup
t≤T
d(uk(t), u(t)) = 0 for all T > 0 a.s.
This fact and the above convergence in (A.17) show that with probability
1 for all φ ∈ C∞c , the left-hand side of (A.16) and first three terms on the
right-hand side of the same equation converge uniformly in t to the same
terms but with u in place of uε, or in the case of (A.17), to the right-hand
side of (A.17). Hence the last term on the right-hand side of (A.16) must also
converge uniformly in t a.s. to a continuous limit Mt(φ). So for all φ ∈C∞c
we have
〈ut, φ〉=
∫ t
0
1
2
〈u(s),∆φ〉ds+Mt(φ).(A.18)
We see that Mt(φ) is the a.s. limit of the stochastic integral in (A.16). Using
the boundedness of the moments uniformly in ε from Lemma A.1, it is now
standard to deduce that Mt(φ) is a continuous Ft-martingale with square
function
∫ t
0
∫ |u(s,x)|2γφ(x)2 dxds. Here Ft is the right continuous filtration
generated by t→ ut. It is also routine to construct a white noiseW , perhaps
an enlarged space, so that Mt(φ) =
∫ t
0
∫
u(s,x)γφ(x)dW (s,x) for all t ≥ 0
a.s. for all φ ∈C∞c . Put this into (A.18) to see that u is a Crap-valued solution
of (1.6) and we are done. 
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APPENDIX B: CONSTRUCTION OF APPROXIMATE SOLUTIONS
AND PROOF OF PROPOSITION 2.1
Let us fix ε ∈ (0,1]. For this ε we construct the sequence of processes
mentioned in Proposition 2.1, approximating them by a system of pro-
cesses with “soft-killing.” Fix n > 0, and define the sequence of processes
(U i,n, V i,n, U˜ i,n, V˜ i,n) as follows. For any φ ∈C2b (R), let
U i,nt (φ) = 〈Jxi , φ〉1(t≥ si)
+
∫ t
0
∫
R
Un(s, x)γ−1/2U i,n(s, x)1/2φ(x)W i,n,U (ds, dx)
+
∫ t
0
U i,ns
(
1
2
∆φ
)
ds− n
∫ t
0
〈U i,ns V ns , φ〉ds, t≥ 0, i∈Nε,
V j,nt (φ) = 〈Jyj , φ〉1(t≥ tj)
+
∫ t
0
∫
R
V n(s, x)γ−1/2V j,n(s, x)1/2φ(x)W j,n,V (ds, dx)
+
∫ t
0
V j,ns
(
1
2
∆φ
)
ds− n
∫ t
0
〈V j,ns Uns , φ〉ds, t≥ 0, j ∈Nε,
U˜ i,nt (φ) =
∫ t
0
∫
R
[(U˜n(s, x) +Un(s, x))
2γ −Un(s, x)2γ ]1/2
×
√
U˜ i,n(s, x)
U˜n(s, x)
φ(x)W˜ i,n,U (ds, dx)
+
∫ t
0
U˜ i,ns
(
1
2
∆φ
)
ds+ n
∫ t
0
〈U i,ns V ns , φ〉ds, t≥ 0, i∈Nε,
V˜ j,nt (φ) =
∫ t
0
∫
R
[(V˜ n(s, x) + V n(s, x))
2γ − V n(s, x)2γ ]1/2
×
√
V˜ j,n(s, x)
V˜ n(s, x)
φ(x)W˜ j,n,V (ds, dx)
+
∫ t
0
V˜ j,ns
(
1
2
∆φ
)
ds+ n
∫ t
0
〈V j,ns Uns , φ〉ds, t≥ 0, j ∈Nε,
(B.1)
where
Unt =
∑
i
U i,nt , V
n
t =
∑
j
V j,nt ,
U˜nt =
∑
i
U˜ i,nt , V˜
n
t =
∑
j
V˜ j,nt ,
and {W i,n,U ,W j,n,V , W˜ k,n,U , W˜ l,n,V }i,j,k,l∈Nε is a collection of mutually in-
dependent white noises. For φ ∈C2b (R), let {M i,n,Ut (φ)}t≥0,{M j,n,Vt (φ)}t≥0,
{M˜ i,n,Ut (φ)}t≥0,{M˜ j,n,Vt (φ)}t≥0 denote the stochastic integrals on the right-
hand side of the equations for U i,n, V j,n, U˜ i,n, V˜ j,n, respectively, in (B.1).
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For each n, a solution taking values in (C+rap)
4Nε to the system of above
equations can be constructed via standard steps by extending the procedure
in Shiga (1994). We will comment further on this point below.
We also define the following nondecreasing MF (R)-valued processes:
Ki,n,Ut (φ) = n
∫ t
0
〈U i,ns V ns , φ〉ds, t≥ 0, φ ∈Cb(R),
Kj,n,Vt (φ) = n
∫ t
0
〈V j,ns Uns φ, 〉ds, t≥ 0, φ ∈Cb(R).
Clearly, ∑
i∈Nε
Ki,n,Ut =
∑
j∈Nε
Kj,n,Vt =:K
n
t ,
and (Un, V n, U˜n, V˜ n) satisfies the following system of equations for φ ∈
C2b (R): 
Unt (φ) =
∑
i∈Nε
〈Jxi , φ〉1(t≥ si)
+
∫ t
0
∫
R
Un(s,x)γφ(x)W n,U (ds, dx)
+
∫ t
0
Uns
(
1
2
∆φ
)
ds−Knt (φ), t≥ 0,
V nt (φ) =
∑
j∈Nε
〈Jyj , φ〉1(t≥ tj)
+
∫ t
0
∫
R
V n(s,x)γφ(x)W n,V (ds, dx)
+
∫ t
0
V ns
(
1
2
∆φ
)
ds−Knt (φ), t≥ 0,
U˜nt (φ) =
∫ t
0
∫
R
[(U˜n(s,x) +Un(s,x))2γ −Un(s,x)2γ ]1/2
× φ(x)W˜ n,U (ds, dx)
+
∫ t
0
U˜ns
(
1
2
∆φ
)
ds+Knt (φ), t≥ 0,
V˜ nt (φ) =
∫ t
0
∫
R
[(V˜ n(s,x) + V n(s,x))2γ − V n(s,x)2γ ]1/2
× φ(x)W˜ n,V (ds, dx)
+
∫ t
0
V˜ ns
(
1
2
∆φ
)
ds+Knt (φ), t≥ 0,
(B.2)
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with W n,U ,W n,V , W˜ n,U , W˜ n,V being a collection of independent space–time
white noises. For i ∈ Nε, define U¯ i,nt ≡ U i,nt + U˜ i,nt , V¯ i,nt ≡ V i,nt + V˜ i,nt , t ≥ 0
and
U¯nt ≡
∑
i
U¯ i,nt , V¯
n
t ≡
∑
j
V¯ j,nt , t≥ 0.(B.3)
Since {W i,n,U ,W j,n,V , W˜ k,n,U , W˜ l,n,V , i, j, k, l ∈ Nε} is a collection of inde-
pendent white noises, and by stochastic calculus, one can easily show that
the processes U¯n, V¯ n satisfy equations (2.7), and so by Mytnik (1998) they
have laws on D([0, T ],C+rap) which are independent of n.
Here we comment further on the construction of (U i,n, V i,n, U˜ i,n, V˜ i,n)i∈Nε ,
the solution to (B.1). As we have mentioned above, one can follow the pro-
cedure indicated in the proof of Theorem 2.6 in Shiga (1994) by extending
it to systems of equations. In the proof, one constructs an approximating se-
quence of processes {(U i,n,k, V i,n,k, U˜ i,n,k, V˜ i,n,k)i∈Nε}k≥1 with globally Lip-
schitz coefficients, and shows that this sequence is tight in
Nε∏
i=1
(C([si,∞),C+rap)×C([ti,∞),C+rap)×C([si,∞),C+rap)×C([ti,∞),C+rap)),
and each limit point satisfies (B.1). The only subtle point is that the drift
coefficients U i,n(·)V n(·) and V i,n(·)Un(·) in the system of limiting equa-
tions (B.1) do not satisfy a linear growth condition. However, note that, by
(B.3), any solution to (B.1) satisfies the following bounds:
U i,n, U˜ i,n,Un, U˜n ≤ U¯n, V i,n, V˜ i,n, V n, V˜ n ≤ V¯ n,(B.4)
where U¯n and V¯ n have good moment bounds by Lemma 6.4. Hence, it is
possible to construct {(U i,n,k, V i,n,k, U˜ i,n,k, V˜ i,n,k)i∈Nε}k≥1 so that the bound
in Lemma 6.4 holds uniformly in k: for any q,T > 0, there exists Cq,T such
that
sup
k≥1
sup
i∈Nε
E
[
sup
s≤T,x∈R
(U i,n,k(s,x)q + U˜ i,n,k(s,x)q + V i,n,k(s,x)q + U˜ i,n,k(s,x)q)
]
≤Cq,T .
With this uniform bound in hand, it is not difficult to check that the mo-
ment bound (6.5) from Shiga (1994) [which is in fact (A.12) with λ = 0],
holds for {U i,n,k}k≥1,{V i,n,k}k≥1, {U˜ i,n,k}k≥1, {V˜ i,n,k}k≥1, for all i ∈ Nε,
on time intervals of the form [ (i−1)ε2 ,
iε
2 ), i ∈ Nε and [Nεε,T ]. This, in turn,
by Lemma 6.3 in Shiga (1994) implies the tightness of the corresponding
processes in Dε(R+,C
+
tem). Here
Ctem := {f ∈C(R) :‖f‖λ <∞ for any λ < 0},
62 C. MUELLER, L. MYTNIK AND E. PERKINS
endowed with the topology induced by the norms ‖ · ‖λ for λ < 0, and
C+tem is the set of nonnegative functions in Ctem. Finally, since the limit-
ing processes U i,n, U˜ i,n, i ∈ Nε, (resp., V i,n, V˜ i,n, i ∈ Nε) are dominated by
U¯ (resp., V¯ ) in Dε(R+,C
+
rap), it follows that U
i,n, U˜ i,n, V i,n, V˜ i,n, i ∈ Nε,
are in Dε(R+,C
+
rap) as well. This, together with the domination (B.4) and
Lemma A.1, allows us to take functions in C2tem as test functions in (B.1);
however for our purposes it will be enough to use functions from C2b (R) as
test functions.
Fix an arbitrary T > 1.
Remark B.1. In what follows we are going to show the tightness of the
sequence of the processes constructed above on the time interval [0, T ]. We
will prove that limit points have the properties stated in Proposition 2.1 on
[0, T ]. Since T > 1 is arbitrary, this argument immediately yields the claim
of the theorem on the time interval [0,∞).
Define E = [0, T ] × R. We identify a finite measure K on E with the
nondecreasing path in D([0, T ],MF (R)) given by t→Kt(·) =K([0, t]×{·}).
Proposition B.2. {(U i,n, U˜ i,n, V i,n, V˜ i,n,Ki,n,U ,Ki,n,V )i∈Nε}n≥1 is tight
in (C([0, T ]\Gε,MF (R))4×MF (E)2)Nε . Moreover, any limit point (U i, U˜ i, V i,
V˜ i,Ki,U ,Ki,V )i∈Nε has the following properties:
(1) U i, U˜ i, V i, V˜ i ∈C([0, T ] \ Gε,C+rap)∩Dε([0, T ],L1(R)),∀i ∈Nε;
(2) Ki,U ,Ki,V ∈Dε([0, T ],MF (R)),∀i ∈Nε;
(3) (U i, U˜ i, V i, V˜ i,Ki,U ,Ki,V )i∈Nε satisfy (2.1)–(2.4).
The above proposition is the key for proving Proposition 2.1. The propo-
sition will be proved via a series of lemmas.
Lemma B.3. {Kn}n≥1 is tight in MF (E), and {KnT (1)}n≥1 is L1(dP )-
bounded.
Proof. First note that by rewriting equation (2.7) for U¯n in the mild
form [see (A.3)] one can easily get that for any φ ∈C+b (R),
E[U¯nt (φ)] ≤E
[ ∑
si∈Goddε ,si≤t
∫
R
∫
R
pt−si(z − y)Jxiε (y)φ(z)dy dz
]
=
∑
si∈Goddε ,si≤t
∫ 1
0
∫
R
∫
R
pt−si(z − y)Jxε (y)φ(z)dy dz dx(B.5)
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=
∑
si∈Goddε ,si≤t
∫
R
∫
R
∫ 1
0
pt−si(z − y)Jxε (y)φ(z)dxdz dy.
Estimating the above integrals, we have
E[U¯nt (φ)]≤ ε
∑
si∈Goddε ,si≤t
∫
R
St−siφ(y)1(|y| ≤ 2)dy
≤ sup
s≤t
∫
R
Ssφ(y)1(|y| ≤ 2)dy,
where {St}t≥0 is the Brownian semigroup corresponding to the transition
density function {pt(x), t≥ 0, x ∈R}.
For any nonnegative φ ∈C2b (R) we have from (B.2),
E[Knt (φ)]≤ E
[ ∑
i∈Goddε
∫
R
Jxiε (y)φ(y)dy
]
+E
[∫ t
0
Uns
(∣∣∣∣∆φ2
∣∣∣∣)ds]
≤
∑
i∈Goddε
∫ 1
0
∫
R
Jxε (y)φ(y)dy dx+E
[∫ t
0
U¯ns
(∣∣∣∣∆φ2
∣∣∣∣)ds](B.6)
≤
∫
R
1(|y| ≤ 2)φ(y)dy +
∫ t
0
sup
r≤s
∫
R
Sr
(∣∣∣∣∆φ2
∣∣∣∣)(y)1(|y| ≤ 2)dy ds.
Now by taking φ= 1 we get that the sequence of the total masses {KnT (1)}n≥1
is bounded in L1(dP ). Moreover for any δ > 0 we can choose R > 3 suffi-
ciently large and φ such that φ(z) = 0 for |z| ≤ R− 1, φ(z) = 1 for |z| ≥ R
with the property that
St
(∣∣∣∣∆φ2
∣∣∣∣)(y)≤ δ ∀t ∈ [0, T ], y ∈ [−2,2].
This shows that
E
[∫
|z|≥R
KnT (dz)
]
≤E[KnT (φ)]≤ 4Tδ ∀n≥ 1,
by (B.6), and our choice of φ and R. This, in turn, together with the L1(dP )-
boundedness of total masses {KnT (1)}n≥1, implies tightness of {Kn}n≥1 in
MF (E). 
Corollary B.4. {Ki,n,U}n≥1 and {Ki,n,V }n≥1 are tight in MF (E) for
any i ∈Nε.
Proof. The assertion follows immediately from the bound
Kn,i,U ,Kn,i,V ≤Kn ∀n≥ 1, i ∈Nε. 
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Before we start dealing with tightness of {(Un, V n, U˜n, V˜ n,Kn)}n≥1 we
need to introduce a lemma that will be frequently used.
Lemma B.5. We have:
(a) Let {W n}n≥1 be a sequence of {Fnt }t≥0-adapted space–time white
noises, and {bn(t, x,ω)}n≥1 be a sequence of {Fnt }t≥0-predictable × Borel
measurable processes such that
sup
n≥1
sup
x∈R
sup
t∈[0,T ]
E[|bn(t, x, ·)|p]<∞ for some p > 4.(B.7)
Then the sequence of processes {Xn(t, x), t ∈ [0, T ], x ∈R}n≥1 defined by
Xn(t, x) =
∫ t
0
∫
R
pt−s(x− y)bn(s, y, ·)W n(ds, dy), t ∈ [0, T ], x ∈R,
have versions which are tight in C([0, T ],Ctem).
(b) Let W be an {Ft}t≥0-adapted space–time white noise, and b(t, x,ω)
be an {Ft}t≥0-predictable× Borel measurable process such that
sup
x∈R
sup
t∈[0,T ]
E[|b(t, x, ·)|p]<∞ for some p > 4.(B.8)
Then the process X defined by
X(t, x) =
∫ t
0
∫
R
pt−s(x− y)b(s, y, ·)W n(ds, dy), t ∈ [0, T ], x ∈R,
has a version in C([0, T ],Ctem). If moreover, |X(t, x)| ≤ |X˜(t, x)| for some
X˜ ∈D([0, T ],Crap), then X ∈C([0, T ],Crap).
Proof. (a) This assertion follows immediately from the estimates on
increments of a stochastic integral [see, e.g., step 2 in the proof of Theo-
rem 2.2 of Shiga (1994), page 432] and then an application of Lemmas 6.2
and 6.3(ii) from Shiga (1994).
(b) This again follows by using the estimates on increments of a stochastic
integral [see again step 2 in the proof of Theorem 2.2 of Shiga (1994), page
432] and then applying Lemmas 6.2 and 6.3(i) in Shiga (1994), to get that
the process is in C([0, T ],Ctem). The last assertion is obvious. 
Lemma B.6. Let
wn = Un − V n, n≥ 1.
Then {wn}n≥1 is tight in D([0, T ],Crap), and every limit point is in Dε([0, T ],
Crap).
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Proof. By writing the equation for wn in mild form we get
wn(t, x) =
∫ t
0
∫
R
pt−s(x− y)(η+ε (ds, dy)− η−ε (ds, dy))
+
∫ t
0
∫
R
pt−s(x− y)Un(s, y)γW n,U(ds, dy)
−
∫ t
0
∫
R
pt−s(x− y)V n(s, y)γW n,V (ds, dy), t≥ 0, x ∈R.
Clearly, by the definition of η+ε , η
−
ε , the first term, I(t, x) (being indepen-
dent of n) is tight in D([0, T ],Crap), and is in D
ε([0, T ],Crap). Using the
domination
Un ≤ U¯n ∈D([0, T ],C+rap), V n ≤ V¯ n ∈D([0, T ],C+rap),(B.9)
and Lemmas 6.4 and B.5(a), the stochastic integral terms are tight in C([0, T ],
Ctem). If S
n(t, x) is the difference of the above stochastic integral terms, then
the domination
|Sn(t, x)| ≤ U¯n(t, x) + V¯ n(t, x) + |I(t, x)| ∈Dε([0, T ],C+rap),
and the definition of the norms on Ctem and Crap shows that {Sn} is tight
in C([0, T ],Crap). 
Now we are ready to deal with the tightness of {(Un, V n, U˜n, V˜ n,Kn)}n≥1.
Let Lp(E) denote the usual Lp space with respect to Lebesgue measure on E.
Lemma B.7. The following assertions hold:
(a) {(Un, V n, U˜n, V˜ n,Kn)}n≥1 is tight in Lp(E)4×MF (E) for any p≥ 1.
Moreover any limit point has a version
(U,V, U˜ , V˜ ,K) ∈Dε([0, T ],C+rap)4 ×Dε([0, T ],MF (R)).
(b)
t 7→
∫ t
0
∫
R
pt−s(· − y)K(ds, dy) ∈Dε([0, T ],Crap).
(c) {Kn}n≥1 is also tight in C([0, T ] \ Gε,MF (R)), and any of its limit
points satisfies
∆Kt(1)≤ ε ∀t ∈ [0, T ].
Proof. (a) We will give the proof just for the tightness of {(Un, V n,
Kn)}n≥1 and the properties of its limit points, since the corresponding re-
sults for {(U˜n, V˜ n)}n≥1 and its limit points will follow along the same lines.
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Recall the domination (B.9), where the laws of the upper bounds are
independent of n. By this domination we immediately get that
{(Un(s,x)dxds,V n(s,x)dxds)}n≥1
is tight in (MF (E) ×MF (E)). Recall also that by Lemma B.3, {Kn}n≥1
is tight in MF (E). This, the fact that the laws of U¯n, V¯n are indepen-
dent of n, and Lemma B.6 allows us to choose a convergent subsequence of
(Un, V n,Kn,wn, U¯n, V¯ n) in MF (E)
3×D([0, T ],Crap)3. For simplicity of no-
tation, we will again index this subsequence by n. Denote the corresponding
limit point by (U,V,K,w, U¯ , V¯ ).
Now, for any φ ∈Cb(R), let
Mn,Ut (φ)≡
∫ t
0
∫
R
Un(s,x)γφ(x)W n,U (ds, dx), t ∈ [0, T ],
Mn,Vt (φ)≡
∫ t
0
∫
R
V n(s,x)γφ(x)W n,V (ds, dx), t ∈ [0, T ],
denote the martingales given by the stochastic integrals in the semimartin-
gale decomposition (B.2) for Unt (φ) and V
n
t (φ). For any φ ∈Cb(R), use the
Burkholder–Davis–Gundy inequality, and again the domination (B.9), to
get, that for any p≥ 2, λ > 0,
E[|Mn,Ut (φ)−Mn,Uu (φ)|p]
≤Cp sup
s≤T,x∈R
e(λp/2)|x|E[U¯(s,x)pγ ]
(B.10)
×
[∫
R
e−λ|x||φ(x)|2 dx
]p/2
(t− u)p/2,
∀0≤ u≤ t≤ T.
This, together with Lemma A.1(b) and Kolmogorov’s tightness criterion,
implies that
{Mn,U· (φ)}n≥1is tight in C([0, T ],R)(B.11)
for any φ ∈Cb(R). Similarly,
{Mn,V· (φ)}n≥1is tight in C([0, T ],R)(B.12)
for any φ ∈Cb(R). Let D be a countable subset of C2b (R) which is bounded-
pointwise dense in Cb(R). That is, the smallest class containing D and closed
under bounded pointwise limits contains Cb(R). By the above, we can take
a further subsequence, which for simplicity we will index again by n, so that
all the sequences of martingales {Mn,U· (φ)}n≥1, {Mn,V· (φ)}n≥1 indexed by
functions φ from D, converge in C([0, T ],R). For φ ∈ D, we will denote the
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limiting processes by MU· (φ),MV· (φ), respectively. Now let us switch to a
probability space where
(Un, V n,Kn,wn, U¯n, V¯ n)→ (U,V,K,w, U¯ , V¯ )
in MF (E)
3 ×D([0, T ],Crap)3,
(B.13)
(Mn,U(φ1),M
n,V (φ2))→ (MU (φ1),MV (φ2))
in C([0, T ],R)2 ∀φ1, φ2 ∈D,
as n→∞, a.s.
In our next step, we will verify convergence of {(Un, V n)}n≥1 in Lp(E)2,
for any p≥ 1. First, by L1(dP )-boundedness of the total mass of Kn (Lem-
ma B.3), we have
nE
[∫ T
0
∫
R
Uns (x)V
n
s (x)dxds
]
=E[KnT (1)]≤C,(B.14)
uniformly in n for some constant C. Therefore we get
E
[∫ T
0
∫
R
Uns (x)V
n
s (x)dxds
]
→ 0 as n→∞,(B.15)
and hence ∫ T
0
∫
R
(Uns (x)∧ V ns (x))2 dxds→ 0,(B.16)
in L1(dP ). By taking another subsequence if necessary, we may assume
(Uns (x)∧ V ns (x))→ 0 in L2(E), P -a.s.
Now recall again the domination
Un ≤ U¯n→ U¯ in D([0, T ],C+rap), P -a.s.,
which implies that for any p≥ 1,
(Uns (x)∧ V ns (x))→ 0 in Lp(E), P -a.s.
Also by
Unt (x) = (U
n
s (x) ∧ V ns (x)) + (wnt (x))+,
we get that in fact
Un→ (w)+ in Lp(E), for any p≥ 1,P -a.s.,(B.17)
and hence U(dt, dx) =wt(x)
+ dt dx. With some abuse of notation we denote
the density of U(dt, dx) by Ut(x). Similarly we get
V (dt, dx) =wt(x)
− dt dx,
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and we denote its density by Vt(x). In what follows we will use the con-
tinuous in space versions of the densities of U(dt, dx), V (dt, dx), that is,
Ut(x) = wt(x)
+, Vt(x) = wt(x)
−, and hence, by Lemma B.6, we get that
(U,V ) ∈ Dε([0, T ],Crap)2. We delay the proof of the assertion that K ∈
Dε([0, T ],MF (R)) until the proof of part (b).
(b) Fix an arbitrary φ ∈D. We will go to the limit in (B.2) for {Un· (φ)}n≥1.
As {Un}n≥1 converges a.s. to w+ in L2(ds, dx), and
Un ≤ U¯n→ U¯ in D([0, T ],Crap),
it is easy to see that {Un· (φ)}n≥1 converges to w+· (φ) ≡
∫
w+· (x)φ(x)dx in
L2[0, T ] a.s. As for the right-hand side, use (B.17) with p= 1 to get
sup
t≤T
∣∣∣∣∫ t
0
Uns
(
1
2
∆φ
)
ds−
∫ t
0
Us
(
1
2
∆φ
)
ds
∣∣∣∣≤ ‖Un −U‖L1(E)‖∆φ/2‖∞→ 0.
In particular this implies that {∫ ·0 Uns (12∆φ)ds}n≥1 converges to ∫ ·0 Us(12∆φ)ds
in C([0, T ],R) (and hence in L2[0, T ]). By (a) {Kn(φ)(ds)}n≥1 converges to
K(φ)(ds) as finite signed measures on [0, T ] a.s., and therefore {Kn· (φ)}n≥1
converges in L2[0, T ] to K·(φ) a.s. Since the immigration term does not
change with n, it also converges in L2[0, T ].
Now we have to deal with convergence of the stochastic integral term, that
we denoted by Mn,U(φ). We proved in (a) that {Mn,U (φ)}n≥1 converges a.s.
in C([0, T ],R). Moreover, by (B.10), the martingales Mn,Ut (φ) are bounded
in Lp(dP ) uniformly in n and t ∈ [0, T ], for all p≥ 2, and hence the limiting
process is a continuous martingale that we will call MU (φ). Turning to its
quadratic variation, it follows from (B.17) that the sequence {(Un)2γ}n≥1
converges to U2γ in L2(E) a.s. and this implies that
〈Mn,U· (φ)〉t =
∫ t
0
∫
R
Un(s,x)2γφ(x)2 dxds
(B.18)
→
∫ t
0
∫
R
U(s,x)2γφ(x)2 dxds as n→∞, P -a.s.
Hence, again by boundedness of Mn,Ut (φ) in L
p(dP ), p ≥ 2, uniformly in
t ∈ [0, T ], n ≥ 1, we get that the limiting continuous martingale MU has
quadratic variation
〈MU· (φ)〉t =
∫ t
0
∫
R
U(s,x)2γφ(x)2 dxds
for any φ ∈ D. Since D is bounded-pointwise dense in Cb(R), MU can be
extended to a martingale measure on E, and one can show by standard
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procedure that there is a space–time white noise WU such that
MUt (φ) =
∫ t
0
∫
R
U(s,x)γφ(x)WU (ds, dx), t ∈ [0, T ],∀φ ∈Cb(R).
Now we are ready to take limits in (B.2) in L2([0, T ]). We get
Ut(φ) =
∑
i
〈Jxi , φ〉1(t≥ si)
+
∫ t
0
∫
R
U(s,x)γφ(x)WU (ds, dx)(B.19)
+
∫ t
0
Us
(
1
2
∆φ
)
ds−Kt(φ), t ∈ [0, T ].
Note that although some of the convergences leading to the above equation
hold in L2[0, T ], all terms are right continuous in t and so the equality
holds for all t, and not just for a.e. t. By equation (B.19) and the fact
that U ∈Dε([0, T ],Crap) [from (a)] we see that K·(φ) ∈Dε([0, T ],R). It then
follows from K ∈MF (E) that K· ∈Dε([0, T ],MF (R)), and this proves the
last part of (a).
Now we will rewrite the above equation in the mild form. The derivation
is a bit more complicated than, for example, (A.3) for U¯ , due to the presence
of the measure-valued term K. For any φ ∈C+b (R), t ∈ [0, T ] \ Gε,
Ut(φ) =
∑
si∈Goddε ,si≤t
∫
R
St−siφ(y)J
xi
ε (y)dy
+
∫ t
0
∫
R
St−sφ(y)U(s, y)γWU (ds, dy)
−
∫ t
0
∫
R
St−sφ(y)K(ds, dy).
Writing St in terms of pt, we have
Ut(φ) =
∫
R
φ(x)
∑
si∈Goddε ,si≤t
∫
R
pt−si(y − x)Jxiε (y)dy dx
+
∫
R
φ(x)
∫ t
0
∫
R
pt−s(x− y)U(s, y)γWU (ds, dy)dx(B.20)
−
∫
R
φ(x)
∫ t
0
∫
R
pt−s(x− y)K(ds, dy)dx, P -a.s.,
where the last equality follows by the Fubini and the stochastic Fubini the-
orems. Note that we take the time t outside the set Gε since, for t ∈ Gε,
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K({t}, dx) could be strictly positive, and with p0 being a delta measure, this
creates difficulties with applying the Fubini theorem. Therefore the case of
t ∈ Gε will be treated separately.
By (a), we know that
U ∈Dε([0, T ],C+rap), P -a.s.(B.21)
By the domination
Uγ ≤ U¯γ ∈Dε([0, T ],C+rap),
Lemma 6.4, and Lemma B.5(b) we may choose a version of the stochastic
integral so that
t 7→
∫ t
0
∫
R
pt−s(· − y)U(s, y)γWU(ds, dy) ∈C([0, T ],Crap),
(B.22)
P -a.s.,
and in what follows we will always consider such a version. This, and the
fact that K· ∈Dε([0, T ],MF (R)), implies that the equality in (B.20) holds
P -a.s. for all t ∈ [0, T ] \ Gε, and, hence, we get
Ut(x) =
∑
si∈Goddε ,si≤t
∫
R
pt−si(x− y)Jxiε (y)dy
+
∫ t
0
∫
R
pt−s(x− y)U(s, y)γWU (ds, dy)
(B.23)
−
∫ t
0
∫
R
pt−s(x− y)K(ds, dy),
Leb-a.e. x ∈R, for each t ∈ ([0, T ] \ Gε) , P -a.s.
Now let us check that the above equation holds for all (t, x) ∈ ([0, T ]\Gε)×R,
P -a.s. [recall again that Lemma B.5(b) is used to select an appropriate
jointly continuous version of the stochastic integral]. First, note that the
steps similar to those leading to (B.23) easily imply
Ut(x) = St−rUr(x) +
∑
si∈Goddε ,r<si≤t
∫
R
pt−si(x− y)Jxiε (y)dy
+
∫ t
r
∫
R
pt−s(x− y)U(s, y)γWU(ds, dy)
(B.24)
−
∫ t
r
∫
R
pt−s(x− y)K(ds, dy),
Leb-a.e. x ∈R, for all r, t ∈ [0, T ] \ Gε, r≤ t, P -a.s.
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Lemma B.5(b) could be easily strengthened to assure, that, in fact, the
process
X(r, t, x)≡
∫ t
r
∫
R
pt−s(x− y)U(s, y)γWU (ds, dy),
(B.25)
0≤ r ≤ t≤ T,x∈R, is P -a.s. continuous in (r, t, x)
and
X(t, t, ·) = 0 ∀t ∈ [0, T ].(B.26)
Again, to be more precise, there exists just a version of the process X such
that (B.25) holds, and, in what follows, we will always consider such a ver-
sion.
As was already noted following Lemma A.4,
t 7→
∑
si∈Goddε ,si≤t
∫
R
pt−si(· − y)Jxiε (y)dy ∈Dε([0, T ],C+rap), P -a.s.(B.27)
Let us take A⊂Ω such that P (A) = 1 and for each ω ∈A, (B.21) and (B.23)–
(B.27) hold. Fix an arbitrary ω ∈A and (t, x) ∈ ((0, T ]\Gε)×R. Then choose
{(rl, zk)}l,k≥1 such that the equality in (B.24) holds with (rl, t, zk) in place
of (r, t, x), and (rl, zk)→ (t, x) ∈ ([0, T ] \ Gε)×R, as l, k→∞. Also assume
that rl < t, for all l≥ 1. Note that both {(rl, zk)}l,k≥1, (t, x) may depend on
ω. We would like to show
lim
k→∞
∫ t
0
∫
R
pt−s(zk − y)K(ds, dy)
(B.28)
=
∫ t
0
∫
R
pt−s(x− y)K(ds, dy).
Fix δ > 0. By (B.21), (B.25) and (B.26) we can choose l∗ sufficiently large
so that, with r∗ ≡ rl∗ , we have
|Ut(zk)− St−r∗Ur∗(zk)|
(B.29)
+
∣∣∣∣∫ t
r∗
∫
R
pt−s(zk − y)U(s, y)γWU(ds, dy)
∣∣∣∣≤ δ
for all k ≥ 1. Note that we assume without loss of generality that
[r∗, t]⊂ [0, T ] \ Gε.
Now we are ready to show (B.28). First, by the bounded convergence
theorem and K· ∈Dε([0, T ],MF (R)), we get∫ r∗
0
∫
R
pt−s(zk − y)K(ds, dy)→
∫ r∗
0
∫
R
pt−s(x− y)K(ds, dy)(B.30)
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as k→∞. Next consider (B.24) with r= r∗, x= zk, to conclude that
Ut(zk) = St−r∗Ur∗(zk)
+
∫ t
r∗
∫
R
pt−s(zk − y)U(s, y)γWU(ds, dy)(B.31)
−
∫ t
r∗
∫
R
pt−s(zk − y)K(ds, dy) ∀k≥ 1.
Therefore,∫ t
r∗
∫
R
pt−s(zk − y)K(ds, dy)
≤ |Ut(zk)− St−r∗Ur∗(zk)|+
∣∣∣∣∫ t
r∗
∫
R
pt−s(zk − y)U(s, y)γWU (ds, dy)
∣∣∣∣(B.32)
≤ δ ∀k≥ 1,
where the last bound follows from (B.29). This together with Fatou’s lemma
and K ∈Dε([0, T ],MF (R)) implies∫ t
r∗
∫
R
pt−s(x− y)K(ds, dy)
(B.33)
≤ lim inf
k→∞
∫ t
r∗
∫
R
pt−s(zk − y)K(ds, dy)≤ δ.
Equations (B.32), (B.33) and (B.30) imply
limsup
k→∞
∣∣∣∣∫ t
0
∫
R
pt−s(x− y)K(ds, dy)−
∫ t
0
∫
R
pt−s(zk − y)K(ds, dy)
∣∣∣∣≤ 3δ,
and since δ was arbitrary, (B.28) follows.
Equation (B.28) together with (B.21), (B.22), (B.27) implies that the
equality in (B.23) holds for all (t, x) ∈ ([0, T ] \ Gε) × R on a set of full
probability measure. Moreover, since all the other terms in (B.23) except∫ t
0
∫
R
pt−s(· − y)K(ds, dy) are in Dε([0, T ],C+rap), we get that, in fact,
t 7→
∫ t
0
∫
R
pt−s(· − y)K(ds, dy) ∈C([0, T ] \ Gε,C+rap), P -a.s.
Now let t ∈ Gε, and let us show that, at t, the C+rap-valued mapping r 7→∫ r
0
∫
R
pr−s(· − y)K(ds, dy) is right continuous and with a left limit. We will
prove it for t= sj ∈ Goddε for some j (for t ∈ Gevenε the argument is the same,
even simpler). Note that the measure K({sj}, dx) is absolutely continuous
with respect to Lebesgue measure. This follows from (B.19) and the fact
that U is in Dε([0, T ],C+rap). We will denote the density of K({sj}, dx) by
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K({sj}, x), x ∈R. Take η > 0 sufficiently small such that (sj , sj+η]⊂ [0, T ]\
Gε. Then, since (B.23) holds for all (t, x) ∈ ([0, T ] \ Gε)×R, we get
Usj+η(x) =
∑
si∈Goddε ,si<sj
∫
R
psj+η−si(x− y)Jxiε (y)dy
+
∫
R
pη(x− y)Jxjε (y)dy
+
∫ sj+η
0
∫
R
psj+η−s(x− y)U(s, y)γWU (ds, dy)(B.34)
−
∫ sj+η
0
∫
R
psj+η−s(x− y)(K(ds, dy)− δsj (ds)K({sj}, dy))
−
∫
R
pη(x− y)K({sj}, y)dy ∀x ∈R.
Take η ↓ 0. Since the measure (K(ds, dy) − δsj(ds)K({sj}, dy)) gives zero
mass to the set {sj} × R, by the argument similar to the one used in the
case of t ∈ [0, T ] \ Gε, we can easily derive that∫ sj+η
0
∫
R
psj+η−s(· − y)(K(ds, dy)− δsj(ds)K({sj}, dy))
→
∫ sj
0
∫
R
psj−s(· − y)(K(ds, dy)− δsj (ds)K({sj}, dy)),
in Crap, as η ↓ 0. Moreover, Usj+η(·) and the first three terms on the right-
hand side of (B.34) converge in Crap. This immediately implies that the last
term
∫
R
pη(· − y)K({sj}, y)dy also converges in Crap, and clearly the limit
is
K({sj}, ·) ∈Crap,(B.35)
or more precisely a Crap-valued version of this density. All together we get
that (B.23) holds also for t ∈ Goddε with p0 being the Dirac measure; more-
over the Crap-valued mapping r 7→
∫ r
0
∫
R
pr−s(· − y)K(ds, dy) is right con-
tinuous at t ∈ Goddε . The existence of left-hand limits for r 7→
∫ r
0
∫
R
pr−s(· −
y)K(ds, dy) at t ∈ Goddε follows by a similar argument. As we noted above,
the same proof works for t ∈ Gevenε , and this finishes the proof of (b).
(c) By the above t 7→Kt is continuous on [0, T ] \ Gε. Since {Kn} is a se-
quence of continuous, nondecreasing measure-valued processes, its tightness
in MF (E) immediately implies tightness on all the open intervals between
the jumps of the limiting process, in the space of continuous measure-valued
paths, that is, in C([0, T ] \ Gε,MF (R)).
So, the only jumps K may possibly have are at the points si, ti ∈ Gε.
We recall that a jump of measure-valued process K at any t ∈ [0, T ] equals
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K({t}, dx) = K({t}, x)dx, where by (B.35) K({t}, ·) ∈ Crap for all t ∈ Gε.
We now calculate the sizes of those jumps. Consider the possible jump at si.
Assume φ is a nonnegative function in C2c (R). By (B.19) (and it’s analogue
for V ), U =w+ and V =w−, we have the following conditions on w±si :
∆〈w+, φ〉(si) = 〈Jxi , φ〉 − 〈K({si}, ·), φ〉,(B.36)
∆〈w−, φ〉(si) =−〈K({si}, ·), φ〉 ≤ 0.(B.37)
The above are preserved under bounded pointwise limits in φ and so continue
to hold for any bounded Borel φ≥ 0.
We consider two cases. First assume φ is such that
supp(φ)⊂ {x :w−si−(x) = 0}.
Then ∆〈w−, φ〉(si) = 〈w−si , φ〉 ≥ 0 and so (B.37) immediately implies that〈K({si}, ·), φ〉= 0.
Now let φ be such that
supp(φ)⊂ {x :w+si−(x) = 0}.
Then ∆〈w+si , φ〉 = 〈w+si , φ〉 ≥ 0 and so (B.36) immediately implies that〈K({si}, ·), φ〉 ≤ 〈Jxi , φ〉.
We may write 1 = φ1 + φ2, where φi is as in case i (i = 1,2) [because
w+si−(x)w
−
si−(x)≡ 0]. It therefore follows that
∆〈Ksi ,1〉= 〈K({si}, ·),1〉 ≤ 〈Jxi ,1〉= ε,
and we are done. 
Lemma B.8. The following assertions hold.
(a) For any i ∈Nε, {U i,n}n≥1, {U˜ i,n}n≥1, {V i,n}n≥1,{V˜ i,n}n≥1 are tight
in C([0, T ] \ Gε,MF (R)).
(b) For any i, j ∈Nε, and φl ∈Cb(R), l= 1, . . . ,4,
{(M i,n,U(φ1),M j,n,Vt (φ2), M˜ i,n,Ut (φ3), M˜ j,n,Vt (φ4))}n≥1
is tight in C([0, T ],R)4.
Proof. Fix an arbitrary i ∈ Nε. Let us first prove the tightness for
{U i,n}n≥1. By the nonnegativity of U i,n’s and the domination U i,n ≤ U¯n→
U¯ ∈ D([0, T ],C+rap) a.s. [recall (B.13)], by Jakubowski’s theorem [see, e.g.,
Theorem II.4.1 in Perkins (2002)], it is enough to prove tightness of
{U i,n(φ)}n≥1 in C([0, T ] \ Gε,R), for any φ ∈C2b (R). From (B.1) we get
U i,nt (φ) = 〈Jxi , φ〉1(t≥ si) +M i,n,Ut (φ)
(B.38)
+
∫ t
0
U i,ns (∆φ/2)ds−Ki,n,Ut (φ), t ∈ [0, T ].
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For any p > 2, we use Ho¨lder’s inequality to bound the pth moment of the
increment of the third term on the right-hand side of (B.38),
E
[∣∣∣∣∫ t
u
U i,ns
(
1
2
∆φ
)
ds
∣∣∣∣p]
≤ sup
s≤T,x∈R
eλp|x|E[U¯n(s,x)p]
[∫
R
e−λ|x|
∣∣∣∣12∆φ(x)
∣∣∣∣dx]p(t− u)p,(B.39)
∀0≤ u≤ t.
Now use Lemma A.1(b) and the Kolmogorov tightness criterion to see that{∫ ·
0
U i,ns
(
1
2
∆φ
)
ds
}
n≥1
is tight in C([0, T ],R),∀φ∈C2b (R).(B.40)
As for the martingale M i,n,U· (φ), we can argue exactly as in the proof of
tightness for {Mn,U (φ)}n≥1 in Lemma B.7(a), by using again the domina-
tion, U i,n(s, ·)≤ Un(s, ·)≤ U¯n(s, ·), s ∈ [0, T ], to show that
{M i,n,U· (φ)}n≥1 is tight in C([0, T ],R)(B.41)
for any φ ∈ Cb(R). As for Ki,n,U , it is dominated from the above by Kn
and by Lemma B.7(c), {Kn}n≥1 is tight in C([0, T ] \ Gε,MF (R)). Therefore
{Ki,n,U}n≥1 is also tight in the same space.
We combine this with (B.40), (B.41) and (B.38) to finish the proof of
tightness of {U i,n}n≥1 in C([0, T ] \ Gε,MF (R)).
As for {U˜ i,n}n≥1, we get by the same argument as above that{∫ ·
0
U˜ i,ns (∆φ/2)ds
}
n≥1
is tight in C([0, T ],R),∀φ∈C2b (R).(B.42)
For the martingale term, fix an arbitrary φ ∈Cb. We have again tightness of
{M˜ i,n,U· (φ)}n≥1 in C([0, T ],R) by the same method as for {M i,n,U· (φ)}n≥1,
by using the domination,
[(U˜n(s, ·) +Un(s, ·))2γ −Un(s, ·)2γ ]1/2
√
U˜ i,n(s, ·)
U˜n(s, ·)
≤ U¯n(s, ·)γ , s ∈ [0, T ].
The tightness of {V j,n(φ)}n≥1 and {V˜ j,n(φ)}n≥1 follows in exactly the
same way. 
In what follows we take any converging subsequence of the processes from
Lemmas B.8(a), B.7(a) and Corollary B.4. Recall that D is the countable
subset of C2b (R) which is bounded-pointwise dense in Cb(R). By Lemma B.8(b)
we can take a further subsequence, if needed, so that all the martingales from
Lemma B.8(b) indexed by functions from D converge in C([0, T ],R).
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To simplify notation we will still index this subsequence by n. Let us
also switch to the Skorohod space where all the processes mentioned in
the previous paragraph converge a.s. Since (U¯n, V¯ n) has the same law as
the weakly unique in Dε([0, T ],C+rap)
2 solution to (2.7) [by Theorem 1.1
of Mytnik (1998)], we may, and shall, assume that on our probability space
(U¯n, V¯ n)→ (U¯ , V¯ ) in D([0, T ],C+rap)2, a.s., and, of course,
U i,n, U˜ i,n,Un, U˜n ≤ U¯n ∀n≥ 1, i ∈Nε,
(B.43)
V i,n, V˜ i,n, V n, V˜ n ≤ V¯ n ∀n≥ 1, i ∈Nε.
For i ∈Nε, let
U,V, U˜ , V˜ , U¯ , V¯ ,K,U i, V i, U˜ i, V˜ i,Ki,U ,Ki,V
be the limiting points of {Un}n≥1,{V n}n≥1, {U˜n}n≥1, {V˜ n}n≥1, {U¯n}n≥1,
{V¯ n}n≥1, {Kn}n≥1, {U i,n}n≥1, {V i,n}n≥1, {U˜ i,n}n≥1, {V˜ i,n}n≥1, {Ki,n,U}n≥1,
{Ki,n,V }n≥1, respectively. Clearly w.p.1 for all t ∈ [0, T ] \ Gε,
Ut =
∑
i∈Nε
U it , U˜t =
∑
i∈Nε
U˜ it ,(B.44)
Vt =
∑
i∈Nε
V it , V˜t =
∑
i∈Nε
V˜ it ,(B.45)
by the corresponding equations for the approximating processes,
U¯t = Ut + U˜t, V¯t = Vt + V˜t for all t ∈ [0, T ]
by the same reasoning and Lemma B.7(a), and
K =
∑
i∈Nε
Ki,U =
∑
j∈Nε
Kj,V .
By Lemma B.7(a) we may take versions of U, U˜ , V, V˜ , U¯ , V¯ inDε([0, T ],C+rap).
We next refine the state space of the subprocesses corresponding to the
individual clusters.
Lemma B.9. For any i ∈Nε,
(U i, U˜ i, V i, V˜ i,Ki,U ,Ki,V )
∈ (Dε([0, T ],MF (R)) ∩L2(E))4 ×D([0, T ],MF (R))2
and (U i, U˜ i, V i, V˜ i,Ki,U ,Ki,V )i∈Nε satisfy (2.1), (2.2) and (2.4).
Proof. Although U i (and similarly V i, U˜ i, V˜ i) is defined as a limit
point of {U i,n}n≥1 in C([0, T ] \ Gε,MF (R)), it can be also considered as
a limit of {U i,n}n≥1 in the weak L2(E) topology [in the sequel we denote
the space L2(E) equipped with the weak topology, by L2,w(E)]. Indeed,
NONUNIQUENESS FOR A PARABOLIC SPDE 77
since by (B.43), all U i,n, U˜ i,n (resp., V i,n, V˜ i,n) are bounded from above by
U¯n→ U¯ in D([0, T ],C+rap) [resp., V¯ n→ V¯ in D([0, T ],C+rap)], we get that, in
fact,
{U i,n}n≥1,{U˜ i,n}n≥1,{V i,n}n≥1,{V˜ i,n}n≥1
are all relatively compact in L2,w(E). This and the convergence of {U i,n}n≥1,
{V i,n}n≥1, {U˜ i,n}n≥1, {V˜ i,n}n≥1, in C([0, T ] \ Gε,MF (R)) as n→∞, imply
that
(U i,n, U˜ i,n, V i,n, V˜ i,n)→ (U i, U˜ i, V i, V˜ i) in L2,w(E)4, P -a.s.,as n→∞.
Therefore we have
U i, U˜ i, V i, V˜ i ∈C([0, T ] \ Gε,MF (R))∩L2(E).
From our earlier remark prior to Proposition B.2 and Ki,U ,Ku,V ∈MF (E),
we have
(Ki,U ,Ki,V ) ∈D([0, T ],MF (R))2.
Now let us derive the semimartingale decomposition for U i. Consider the
convergence of the right-hand side of the equation for U i,n(φ) in (B.1). By
convergence of {U i,n}n≥1 in L2,w(E) and in C([0, T ] \ Gε,MF (R)) we get
that, for any φ ∈C2b (R) and any t≤ T ,∫ t
0
∫
R
U i,ns (x)
∆
2
φ(x)dxds→
∫ t
0
∫
R
U is(x)
∆
2
φ(x)dxds
(B.46)
as n→∞.
Now fix an arbitrary φ ∈D. By Lemma B.8(b) we may assume thatM i,n,U (φ)
converges a.s. in C([0, T ],R). Moreover, using a bound analogous to (B.10),
one can immediately get that, for any p ≥ 2, the martingale M i,n,Ut (φ)
is bounded in Lp(dP ) uniformly in n and t ∈ [0, T ]. Hence, the limiting
process is a continuous L2-martingale that we will call M i,U (φ). For its
quadratic variation, recall that the sequence {(Un)2γ−1}n≥1 converges to
U2γ−1 strongly in L2(E) [by (B.17)] and this together with convergence of
{U i,n}n≥1 in L2,w(E) implies that, for any φ ∈Cb(R) and t≤ T , w.p.1
〈M i,n,U(φ)〉t =
∫ t
0
∫
R
Un(s,x)2γ−1U i,n(s,x)φ(x)2 dxds
(B.47)
→
∫ t
0
∫
R
U(s,x)2γ−1U i(s,x)φ(x)2 dxds as n→∞.
Hence, again by boundedness of M i,n,Ut (φ), in L
p(dP ), p ≥ 2, uniformly in
t ∈ [0, T ], n ≥ 1, we get that the limiting continuous martingale M i,U has
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quadratic variation
〈M i,U (φ)〉t =
∫ t
0
∫
R
U(s,x)2γ−1U i(s,x)φ(x)2 dxds
for all φ ∈D ⊂ Cb(R). Moreover, by repeating the above argument for V i,n
we get that (U i, V i)i∈Nε , solves the following martingale problem:
For all φi, ψj ∈D ⊂C2b (R),
U it (φi) = 〈Jxi , φi〉1(t≥ si) +M i,Ut (φi)
+
∫ t
0
U is
(
1
2
∆φi
)
ds−Ki,Ut (φi) ∀t ∈ [0, T ], i ∈Nε,
V jt (ψj) = 〈Jyj , ψj〉1(t≥ tj) +M j,Vt (ψj)
+
∫ t
0
V js
(
1
2
∆ψj
)
ds−Kj,Vt (ψj) ∀t ∈ [0, T ], j ∈Nε,
(B.48)
where M i,U (φi),M
j,V (ψj) are martingales such that for all i, j ∈N,
〈M i,U· (φi),M j,U· (φj)〉t = δi,j
∫ t
0
∫
R
U(s,x)2γ−1U i(s,x)φi(x)2 dxds,
〈M i,V· (ψi),M j,V· (ψj)〉t = δi,j
∫ t
0
∫
R
V (s,x)2γ−1V i(s,x)ψi(x)2 dxds,
〈M i,U· (φi),M j,V· (ψj)〉t = 0 ∀i, j ∈Nε.
(B.49)
Note that the equality in (B.48) holds for any t in [0, T ] \ Gε since both
left- and right-hand sides are continuous processes on [0, T ] \ Gε; more-
over the right-hand side is cadlag on [0, T ]. Using this and the domina-
tion U it ≤ U¯t and V it ≤ V¯t for t /∈ Gε, we may construct versions of U i and
V i in Dε([0, T ],MF (R)) ∩ L2(E) so that equality in (B.48) holds for all t
in [0, T ]. Clearly the martingale problem (B.48) can be also extended to all
φi, ψj ∈C2b (R) by a limiting procedure, again using the Lp(dP ) boundedness
of the martingales for any p≥ 2.
Now let us handle the processes (U˜ i, V˜ i), i ∈ Nε. By the same steps that
were used to treat (U i, V i)i∈Nε we get that (U˜ i, V˜ i)i∈Nε satisfies the following
martingale problem:
For all φi, ψj ∈D ⊂C2b (R),
U˜ it (φi) = 〈Jxi , φi〉1(t≥ si) + M˜ i,Ut (φi)
+
∫ t
0
U˜ is
(
1
2
∆φi
)
ds+Ki,Ut (φi) ∀t ∈ [0, T ], i ∈Nε,
V˜ jt (ψj) = 〈Jyj , ψj〉1(t≥ tj) + M˜ j,Vt (ψj)
+
∫ t
0
V˜ js
(
1
2
∆ψj
)
ds+Kj,Vt (ψj) ∀t ∈ [0, T ], j ∈Nε,
(B.50)
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where by Lemma B.8 M˜ i,U (φi), M˜
j,V (ψj) are continuous processes. By the
same argument as before [the uniform in n and t, boundedness Lp(dP ), p≥ 2,
of the approximating martingales] they are martingales and we would like
to show that, for any i, j ∈Nε,
〈M˜ i,U· (φi), M˜ j,U· (φj)〉t
= δi,j
∫ t
0
∫
R
(U˜(s,x) +U(s,x))2γ −U(s,x)2γ
U˜(s,x)
× U˜ i(s,x)φi(x)2 dxds,
〈M˜ i,V· (ψi), M˜ j,V· (ψj)〉t
= δi,j
∫ t
0
∫
R
(V˜ (s,x) + V (s,x))2γ − V (s,x)2γ
V˜ (s,x)
× V˜ i(s,x)ψi(x)2 dxds,
〈M˜ i,U· (φi), M˜ j,V· (ψj)〉t = 0.
(B.51)
As before, the orthogonality of the limiting martingales follows easily by the
uniform in n and t, Lp(dP ), p ≥ 2, boundedness of the approximating mar-
tingales and their orthogonality. Next we calculate the quadratic variations.
We will do it just for M˜ i,U· (φ), for some i ∈ Nε. It is enough to show that
for any φ ∈Cb(R) and t ∈ [0, T ],∫ t
0
∫
R
(U˜n(s,x) +Un(s,x))2γ −Un(s,x)2γ
U˜n(s,x)
U˜ i,n(s,x)φ(x)dxds
(B.52)
→
∫ t
0
∫
R
(U˜ (s,x) +U(s,x))2γ −U(s,x)2γ
U˜(s,x)
U˜ i(s,x)φ(x)dxds,
in L1(dP ), as n→∞. Denote
F (u˜, u)≡ (u˜+ u)2γ − u2γ .
Then, for any φ ∈Cb(R) and t ∈ [0, T ], we get∣∣∣∣∫ t
0
∫
R
F (U˜n(s,x),Un(s,x))
U˜n(s,x)
U˜ i,n(s,x)φ(x)dxds
−
∫ t
0
∫
R
F (U˜ (s,x),U(s,x))
U˜(s,x)
U˜ i(s,x)φ(x)dxds
∣∣∣∣
≤
∣∣∣∣∫ t
0
∫
R
(
F (U˜n(s,x),Un(s,x))
U˜n(s,x)
− F (U˜(s,x),U(s,x))
U˜(s,x)
)
(B.53)
× U˜ i,n(s,x)φ(x)dxds
∣∣∣∣
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+
∣∣∣∣∫ t
0
∫
R
F (U˜(s,x),U(s,x))
U˜(s,x)
(U˜ i(s,x)− U˜ i,n(s,x))φ(x)dxds
∣∣∣∣
≡ I1,n + I2,n.
Clearly
F (U˜(s,x),U(s,x))
U˜(s,x)
≤ 2γU¯2γ−1 ∈L2(E),(B.54)
and hence by convergence of U˜ i,n to U˜ i in L2,w(E), a.s., we get that
I2,n→ 0 as n→∞ a.s.
and by dominated convergence it is easy to get that, in fact, the convergence
is in L1(dP ). As for I1,n, by using | U˜ i,n(s,x)
U˜n(s,x)
| ≤ 1 we immediately get that
I1,n ≤
∫ t
0
∫
R
|F (U˜n(s,x),Un(s,x))− F (U˜(s,x),U(s,x))|φ(x)dxds
+
∫ t
0
∫
R
F (U˜ (s,x),U(s,x))
U˜(s,x)
|U˜(s,x)− U˜n(s,x)|φ(x)dxds.
We again use (B.54) and convergence of U˜n and Un to U˜ and U , respec-
tively, in Lp(E) for any p ≥ 1, we immediately get that, I1,n → 0, a.s., as
n→∞. Use again the dominated convergence theorem to get that, in fact,
the convergence holds in L1(dP ), and (B.52) follows. As a result we get that
(U i, V i, U˜ i, V˜ i), i ∈Nε solves the martingale problem (B.48), (B.49), (B.50),
(B.51), with all martingales corresponding to different processes being or-
thogonal.
Now, as before, [see the proof of Lemma B.7(b)], the martingales in
the martingale problem can be represented as stochastic integrals with re-
spect to independent white noises, and hence one immediately gets that
(U i, V i, U˜ i, V˜ i)i∈Nε solves (2.1), (2.2) and (2.4) but with (U i, V i, U˜ i, V˜ i) ∈
(Dε([0, T ],MF (R)) ∩ L2(E))4, i ∈ Nε. Here we note that equality in (B.44)
as MF (R)-valued processes extends to all t ∈ [0, T ] by right-continuity. 
To finish the proof of Proposition B.2 we next verify the following lemma.
Lemma B.10. U i, U˜ i, V i, V˜ i ∈ C([0, T ] \ Gε,C+rap) ∩ Dε([0, T ],L1(R)),
∀i ∈Nε.
Proof. We will prove it just for U i, as the proof for the other terms
goes along exactly along the same lines. Similarly to the steps in the proof
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of Lemma B.7(b), we first write the equation for U i in the mild form to get
U i(t, x) =
∫
R
pt−si(x− y)Jxiε (y)dy
+
∫ t
0
∫
R
pt−s(x− y)U(s, y)γ−1/2U i(s, y)1/2W i,U(ds, dy)
(B.55)
−
∫ t
0
∫
R
pt−s(x− y)Ki,U (ds, dy)
Leb-a.e. (t, x) ∈ ([0, T ] \ Gε)×R.
We now argue as in the proof of part (b) of Lemma B.7. The first term on
the right-hand side of (B.55) clearly belongs to Dε([0, T ],Crap). Similarly by
the bound
Uγ−1/2(U i)1/2 ≤ U¯γ ∈D([0, T ],C+rap),
Lemma 6.4, and Lemma B.5(b), we see that the second term on the right-
hand side is in C([0, T ],Crap). As for the third term on the right-hand
side, one can use the domination Ki,U ≤ K, Lemma B.7(b) to get that
Ki,U ({t}, dx) = 0 for any t ∈ [0, T ] \ Gε. For P -a.s. ω, take arbitrary (t, x) ∈
([0, T ]\Gε)×R and {(tk, zk)}k≥1, such that limk→∞(tk, zk) = (t, x). Then by
Lemma B.7(b), we get that {1(s < tk)ptk−s(zk − y)} is uniformly integrable
with respect to K(ds, dy) and hence by domination it is also uniformly in-
tegrable with respect to Ki,U (ds, dy). This gives continuity of the mapping
(r, x) 7→
∫ r
0
∫
R
pr−s(x− y)Ki,U(ds, dy)
on ([0, T ] \ Gε)×R, and again by domination we may easily show that
r 7→
∫ r
0
∫
R
pr−s(· − y)Ki,U(ds, dy) ∈C([0, T ] \ Gε,C+rap).
All together, this gives that the right-hand side of (B.55) belongs to C([0, T ]\
Gε,Crap). Hence there is a version of U i which is in C([0, T ] \ Gε,C+rap) as
well.
Note that, in fact, the above argument also easily implies that for any
t ∈ Gε,
U i(r, ·)→ U i(t−, ·) in Crap, P -a.s.(B.56)
as r ↑ t, where
U i(t−, x) = 1(t > si)
∫
R
pt−si(x− y)Jxiε (y)dy
+
∫ t
0
∫
R
pt−s(x− y)U(s, y)γ−1/2U i(s, y)1/2W i,U(ds, dy)(B.57)
82 C. MUELLER, L. MYTNIK AND E. PERKINS
−
∫ t
0
∫
R
pt−s(x− y)(Ki,U(ds, dy)− δt(ds)Ki,U ({t}, dy))
for x ∈ R. Indeed, for (t, x) ∈ Gε × R, take again arbitrary (tk, zk) such
that tk ↑ t and zk → x, as k→∞. Again by Lemma B.7(b), we get that
{1(s < tk)ptk−s(zk−y)} is uniformly integrable with respect to (K(ds, dy)−
K({t}, dy)); hence by domination it is also uniformly integrable with respect
to (Ki,U (ds, dy)− δt(ds)Ki,U ({t}, dy)). This easily implies that U i(tk, zk)→
U i(t−, x), where U i(t−, x) satisfies (B.57), and hence (B.56) follows.
Clearly, (B.56) implies that corresponding convergence also holds in L1(R),
and hence to finish the proof of the lemma it is enough to show that for any
t ∈ Gε,
U i(r, ·)→ U i(t, ·) in L1(R), P -a.s.(B.58)
as r ↓ t. Again, as in the proof of Lemma B.7(b), we will show it for t= sj ∈
Goddε for some j. By (B.48), we get that
U isj (dx) = U
i
sj−(dx) + 1(si = sj)J
xi
ε (x)dx−Ki,U({sj}, dx).(B.59)
Recall again that Ki,U({sj}, dx) is dominated by K({sj}, dx), which, in
turn, by (B.35) is absolutely continuous with a density function in C+rap.
Therefore Ki,U({sj}, dx) is also absolutely continuous with a density func-
tion Ki,U ({sj}, x), x ∈ R, bounded by a function in C+rap. This together
with (B.56), our assumptions on Jxiε and (B.59) implies that U
i
sj(dx) is
absolutely continuous with bounded density function
U isj (·) ∈L1(R).(B.60)
For any η ∈ (0, ε/2), by combining (B.59), (B.56) (with t= sj) and (B.55)
(with t= sj + η), we have
U i(sj + η, ·)
= SηU
i(sj , ·)
(B.61)
+
∫ sj+η
sj
∫
R
psj+η−s(· − y)U(s, y)γ−1/2U i(s, y)1/2W i,U(ds, dy)
−
∫ sj+η
sj
∫
R
psj+η−s(· − y)(Ki,U(ds, dy)− δsj(ds)Ki,U ({sj}, dy))
for x ∈ R. As η ↓ 0, the convergence to zero in Crap of the second and the
third terms on the right-hand side follows easily as in the last part of the
proof of Lemma B.7(b). By (B.60), the first term on the right-hand side
of (B.61) converges to U i(sj, ·) in L1(R) and we are done. 
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Proof of Proposition B.2. Except for property (2.3), Proposition B.2
follows from Corollary B.4, and Lemmas B.8(a), B.9, B.10. For (2.3) we note
that
U i(t, x)V j(t, x)≤U(t, x)V (t, x) =w+(t, x)w−(t, x)≡ 0. 
Proof of Proposition 2.1. As we mentioned in Remark B.1, since
T > 1 can be chosen arbitrary large, it is sufficient to prove the theorem on
the time interval [0, T ].
Clearly, by Proposition B.2 and the definition of U¯ i = U i+ U˜ i, V¯ i = V i+
V˜ i, we immediately get that
(U¯ i, V¯ i) ∈ (C([0, T ] \ Gε,C+rap)∩Dε([0, T ],L1(R)))2, i ∈Nε,
and satisfies (2.6) and (2.7). We saw in Section 2 that (2.5) and its ana-
logue for (U i, V j) follow from the other properties. Then, by repeating the
argument in the proof of Lemma B.10 and taking into account the absence
of the terms Ki,U ,Ki,V at the right-hand side of the equations for U¯ i, V¯ i,
we immediately get that, in fact, (U¯ i, V¯ i) ∈ Dε([0, T ],C+rap)2, i ∈ Nε, and
U¯ isi+· ∈ C([0, T − si],C+rap), V¯ iti+· ∈ C([ti, T − ti],C+rap), i ∈ Nε, and part (a)
of the theorem follows. Part (b) follows from Lemma B.7(c). 
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